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Abstract. We introduce a unital associative algebra A over degenerate CP . We show that A is 
a commutative algebra and whose Poincare series is given by the number of partitions. Thereby we 
can regard A as a smooth degeneration limit of the elliptic algebra introduced by one of the authors 
and Odesskii |FO] . Then we study the commutative family of the Macdonald difference operators 
acting on the space of symmetric functions. A canonical basis is proposed for this family by using A 
and the Heisenberg representation of the commutative family studied by one of the authors [S2J . It 
is found that the Ding-Iohara algebra [DI] provides us with an algebraic framework for the free filed 
construction. An elliptic deformation of our construction is discussed, showing connections with 
the Drinfeld quasi- Hopf twisting [D] a la Babelon Bernard Billey [BBB] . the Ruijsenaars difference 
operator [R] and the operator M(q,ti,t2) of Okounkov-Pandharipande [OP] , 



1. Introduction 

The aim of this paper is to construct a graded algebra A = A(qi,q2,qs) having three shift pa- 
rameters <7i , q2 and 53. We prove the basic properties of the algebra A, including the commutativity 
and the Poincare series, by introducing a certain filtration associated to the dominance ordering 
among partitions. This stratification will be called the Gordon filtration, and it is characterized by 
a sequence of null conditions associated to the partitions and to the shift parameter Our alge- 
bra can be regarded as a smooth limit of the elliptic algebra [FOJ. Precisely speaking, the original 
algebra is constructed over an elliptic curve and our algebra A is constructed over a degenerate 
CP 1 , i.e. a rational curve obtained from an elliptic curve by pinching one cycle. 

1.1. Commutative algebra with three shift parameters on degenerate CP 1 . Let CP 1 = 

{(£1 : 6) I (6,6) G C 2 \ {(0,0)}} and x = £1/6 and 1/x = £ 2 /£l be the local coordinates. Let 
x = 0, 00 be the two marked points on CP 1 , being fixed throughout the text. We denote the set of 
non-negative integers by N := {0, 1, 2, . . .} and the set of positive integers by N + := {1, 2, . . .}. Let 
gi,g2 be two independent indeterminates. We set 53 = \jq\qi throughout the paper. We denote 
by F := Q(qi, (72) the field of rational functions in qx, q<i- 

Definition 1.1 (Operators cK°' fc ) and (9(°°> fc )). For n,k G N + , we define two operators cK°' fc ), c^ 00 ^) 
acting on the space of symmetric rational functions in n variables x\, . . . , x n by 

<9 (0 ' fc) : / h-> n ' lim /(ax, . . . , x n „ k , gx n - fc+1 , fo„_ fc+2 , . . . , £x n ) 
(n — k)\ g^o 

<9 (oo ' fe) : / ' ^ / ^ , m } im f( x U ■ • • » x n-h, &Kn-fc+2, ■ ■ ■ , fon) 

[n — k)\ §-^00 

whenever the limit exists. We also set cK°' fc )c = 0,d^°°' k ^c = for c G F. Finally we define <9(°>°) 
and <9(°°> ) to be the identity operator. 

Definition 1.2 (Space *4). For n G N, the vector space A n = A n (qi, q2, 93) is defined by the 
following conditions (i), (ii), (iii) and (iv). 

(i) Aq := F. For n G N+, /(xi, . . . ,x n ) G A n is a rational function with coefficients in F, and 
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symmetric with respect to the Xj's. 

(ii) For n G N, < k < n and / G A n , the limits <9(°°' fc )_f and d^°' k ^f both exist and coincide: 
d {oo,k)j = d (o,k)f (degenerate CP 1 condition). 

(hi) The poles of / G A n are located only on the diagonal {(xi, . . . ,x n ) \ 3(i,j),i ^ j,X{ = xj}, 

and the orders of the poles are at most two. 

(iv) For n > 3, / G A n satisfies the wheel conditions 

(1.1) f(xi,qiXi,qiq 2 xi,X4,...) = 0, f(xi,q 2 xi,qiq 2 x 1 ,x 4: ,...)=0. 

Then set the graded vector space A = A(q±,q 2 , #3) := © n >o -Ai- 
Remark 1.3. Using q$ = l/qiq 2 , we can rewrite the wheel conditions (11. ip in a symmetric way as 

f(qiXi,qiq 2 xi,qiq 2 q 3 xi,X4, . . .) = 0, f{q-AX\,q- A q 2 xi,q- i q 2 qr£\,x i , • • •) = 0, 
which indicates that the space .4 is symmetric under the interchange of the q^s. 

We introduce a bilinear operation * called the star product. 

Definition 1.4 (Star product *). For an m- variable symmetric rational function / and an n- 
variable symmetric rational function g, we define an (m + n)-variable symmetric rational function 
f*9 by 



f (x\ , . . . , x m )(7(x m ^i , . . . , x rn j rn 



l<a<m 
m+l</3<m+n 



(1-2) (/* g)(xi,...,x m+n ) = Sym 
Here u>(x,y) is the rational function 

(1-3) w(a;,y) = w(x,y; qx,q 2 ,qz) = -, ^ , 

(x - y) 6 

and the symbol Sym denotes the symmetrizer 

Sym(/(xi,... ,x n )) := — Y] a(f(xi,...,x n )), 

where & n is the n-th symmetric group acting on the indices of Xj's. 

A priori, it is unclear in which space the star product is closing. Neither is obvious whether the 
resulting algebra is commutative. Moreover the study of the Poincare series usually requires some 
technique. Nevertheless we may solve all of these problems in a combinatorial manner. 

Theorem 1.5. The vector space A is closed with respect to the star product *, hence the pair 
(.4, *) defines a unital associative algebra. The algebra (A, *) is commutative. The Poincare series 

is E„>o( dim F^) z ™ = rwi - z™)' 1 - 

A proof of Theorem 11.51 will be given in £j2j 

1.2. Gordon filtration and intersection. Next, we introduce a stratification in the space A by 
using a set of specialization maps. 

We recall some basic definitions concerning partitions. We basically follow the notation in [M]. A 
partition of n G N is a sequence A = (Ai, A2, . . .) of non-negative integers satisfying Ai > A2 > • • • . 
The weight and the length of A are defined by |A| := Ai + A2 + • • • and ^(A) := #{i | \ / 0}. We 
write A h n if A is a partition of n. As usual, we denote the conjugate of a partition A by A', 
which is corresponding to the transpose of the diagram of A. We work with the dominance partial 
ordering defined as follows: 

A > yu 4=4> |A| = |/d, Ai -| + Aj > [ii H + fj<i for alH > 1. 
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Definition 1.6 (Specialization map tp). Let pGF = Q(gi, 92)- For a partition A = (Ai, . . . , A m ) of 
n, we define a linear map 

</\ ■ A n — ► F(yi, ...,y m ) 

( L4 ) /(xi,...,x n ) ^ f(yi,pyi,---,p Xl ~ 1 yi,y2,py2,---,p X2 ~ 1 y2,--- 

■ ■ -,ym,py m ■ ■ • ,p Am_1 ym)- 

Definition 1.7 (Gordon filtration). For (i = 1,2,3) and A h n, define «4^? C A n by 
(1-5) ^S^=n ker # (*<(»)), A^ n) :=A n . 

The next inclusion property of the strata A^ z ) easily follows from the definition. 

Lemma 1.8. If A > p, then A^ n ker ip x qi) D A^. In particular A^l 2 A^. 

Remark 1.9. Hence we have a filtration of the space A n whose inclusion sequence corresponds to 
the dominance ordering of the partitions of n. 

By using only one of the shift parameters, say q\, a combinatorial study of the Gordon filters 
An\ wor ks well enough to prove Theorem 11.51 Moreover, one finds a quite interesting interplay 
between the two different shift parameters, say q\ and c/2- 

Theorem 1.10. Let n € N and A be a partition of n. Then the intersection of the subspaces A^X 



(92) 

id i-iuxucuoiuuai. 

(<?i) n 4(92)^ 



and Af\/ is 1-dimensional 



dim F (^n^) = l. 



A proof of Theorem II . 101 will be given in g3J Our proof essentially uses the free field construction 
of the Macdonald difference operators [AMOS, 



Remark 1.11. It is an interesting open problem to find a proof of Theorem II . 101 purely inside the 
algebra A without referring to the free field construction. 

1.3. Heisenberg representation of the Macdonald difference operators. We recall the 
Heisenberg representation of the Macdonald difference operators, which is initiated by Jing [J]. 
We basically follow the notation in [S2j . Our aim is to introduce a canonical basis for the space of 
Macdonald difference operators in the sense of Theorem 11.191 below. 

Let q and t be independent indeterminates, which are the two parameters for the Macdonald 
theory in the standard notation. We identify the parameters as q\ = q^ 1 and q2 = t (the condition 
I1Q2Q3 = 1 means q% = t~ 1 q), and denotes our base field by the same symbol F = Q(q, t) = Q(qi, 92)- 

Consider the Heisenberg Lie algebra F) over F with the generators a n (n G Z) and the relations 

1 _ q\ m \ 

(1-6) [a m ,a n ] = \ m \ <Wn,o a . 

Let 1)-° (resp. f) <0 ) be the subalgebra generated by a n for n > (resp. n < 0) . Consider the 
Fock representation jF:=Indp F of f}. We also use the notation a_A :=a-\ 1 ■ ■ ■ a-\ t for a partition 
A = (Ai, . . . , Xi). 

Let x = (x%,X2, ■ ■ ■) be a set of indeterminates and A be the ring of symmetric functions in 
x over Z. As a F-vector spaces, J- is isomorphic to Ap := A ®g F via t : J- — > Ap defined by 
a_A • 1 1— > Pa- Here 1 € J 7 is the highest vector, p n = p n {x) := Yli>\ x t ^ s the power sum function 
and px :=PAi ■ ■ ■ Px t ■ For n > and v £ J 7 , we have ci- n v = p n v, a n v = n((l — q n )/(l — t n ))dv / 'dp n , 
and qqV = v. In what follows we identify T — Ap via this isomorphism 1. 
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Introduce the vertex operator 
rj(z) = exp 



(1-7) , 

=: exp(-^- 




n 

where the symbol : : denotes the normal ordering with respect to the decomposition f) = f) <0 © fj- , 
i.e. all the negative generators a_ n are moved to the left of the positive generators a n . Then the 
Fourier modes r\ n of rj(z), defined by 77(2) = Yl n & r lnZ~ n , are well-defined operators acting on the 
Fock space J- or on Ag. The operator E of Macdonald [M] (VI. 4. 2)] is realized as rjo = (t— 1)E + 1. 
We note that the plethystic operator A' in (Hj (2.10)] and r/o are identical. 
Recall the existence theorem of the Macdonald symmetric functions: 

Proposition 1.12 (Macdonald). The Macdonald symmetric functions P x (x;q,t) are uniquely de- 
termined by the conditions: 

(a) P x (x; q ,t)=m x + Y, c^ p m, (c^ p G F), 

fj.<X 

(b) EP x (x;q,t) = Y,(l Xt -l)t-' -Px(x;q,t). 

i>l 

Here m x denotes the monomial symmetric function. 
Remark 1.13. From tjq = (t — 1)E + 1, we may write (b) as 



t 



-1 



^r] Px{x;q,t) = ei(s x )P x (x;q,t) 



1-t 



where e\(x) = x\ + X2 + • ■ ■ is the first elementary symmetric function, and s x = (s^, s^,- ■ ■) = 
(t~ l q Xl ,t~ 2 q X2 , . . .). We note that the first factor in the LHS should be understood as the power 
series t~ l /(l - t' 1 ) = t^ 1 + t~ 2 H , corresponding to ei(s A ) G F[[t -1 ]]. 

A detailed study of the vertex operator ij(z) derives the mutually commuting family of operators, 
which we call M, including E as the first member. We begin with the next calculation. 

Lemma 1.14. It holds that 

.... (1 — w/z)(l — qt~ 1 w/z) , . , . 

Here and hereafter throughout the text the rational factors such as 1/(1 — qw/z) and 1/(1 — t~ 1 w/z) 
must be understood as power series in w/z. 

This gives the operator valued symmetric Laurent series 

— \ T]{zi)r]{z 2 ) = — \ r/(z 2 )r/(zi) 

uj(z 1 ,z 2 ;q l ,t,qt l ) uj(z 2 ,z 1 ;q l ,t,qt x ) 

( j qt-\l-z 2 / Zl f (l- Zl /z 2 r 



(1 - qz 2 / Zl )(l - t- 1 z 2 /z 1 ) (1 - qzi/z 2 ){\ - t- 1 z 1 /z 2 ) 
For / G An^q" 1 ,t, qt^ 1 ), consider the operator product 

f(zx,...,z n ) ]~| ^{zi.z.j)' 1 ■ rj(zi) ■ ■ -rf(z n ) 



■ rj{z 2 )v{zi) ■ ■ 



l<i<jr'<n 



(/(«,...,*) 11 ("-^-") ) 



l<i<jr'<n 



n a 
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qt~ l (\ - Zjjzi) (1 — Zi/Zj) 



, ( n (1 - QZj/zi)(l - t 1 z j /z i )(l-qz i /z j )(l-t 1 z i /z j ) 



Note that the first term in the RHS is a symmetric Laurent polynomial in z^s, hence the RHS in 
total is a symmetric Laurent series. 

For a Laurent series in n variables f(z\, . . . , z n ) we denote by [f(zi, . . . , z n )]i the constant term. 

Definition 1.15. Let / G A(<r\ t, qt" 1 ). Define a mapping £>(•) = £>(■ ; <?, t) : A -> End F (-F) by 



J l^l ! ■ • • i ^nj / \ i \ 

— -i ■ + -u V{Zl) ■ ■ ■ V(Zn) 

\h<i<i<n u \ z ^ z v1 ,t,qt l ) 



0(f) = 0(f;q,t):-- 

for / G .4, n and extending it by linearity. 

The star product * and the operation O(-) are compatible in the following sense. 
Proposition 1.16. For f,g € A, we have 

0(f*g) = 0(f)0(g), 
which indicates that [O(f), O(g)] = from the commutativity of A. 

Definition 1.17. Define the commutative ring J\A of operators on Ap by Ai := {O(f) \ f G A}. 
Proposition 1.18. The mapping O(-) : A ^ M gives an isomorphism of commutative rings. 
The proofs of these Propositions II. 161 and fTTTHI will be given in §§ 13.21 



We are ready to state our interpretation of the intersection of the two Gordon filters given in 
Theorem 11.101 in terms of the Macdonald symmetric functions. 

Theorem 1.19. Let n G N and /ihti. There exists a unique element G A n such that 

0(U)P X (x; q, t) = P^(s X ; q, t)P x (x; q, t) 

for any partition A, where s x is the same as in Remark ll.131 Then the intersection of the subspaces 
A^ ) and A%1, (which is one dimensional from Theorem II. 10 1) is spanned by f^. 

Theorem 11.191 will be proved in §§ 13.51 

It is worthwhile to make a comment here. There is a direct connection between the Gordon 
nitrations and some particular bases of Ap. Recall the elementary symmetric function e n {x) = 
Pnn\(x;q,t) and the symmetric function g n (x;q,t) := J1™ =1 (1 — — q l ) ■ P^(x; q,t). Set 

e\ '■= ^x 1 e\ 2 • • • and g\ := g\ 1 g\ 2 • ■ ■ ■ It is known that (e\(x)) and (g\(x; q,t)) are bases of Ap. 

Proposition 1.20 (Haiman [HI Proposition 2.6]). Let A h n. Let V\ be the totality of the 
symmetric functions which can be expanded in two ways as 



c^g^x; q,t) = c l e A x ) ( c m> c 'u G F )- 



E 



Then V\ is one dimensional, and is spanned by P\(x;q,t). 

It is clear that our Theorems 11.101 and 11.191 resemble Haiman's Proposition 11.201 

1.4. Ding-Iohara algebra U(q,t). Recall that the Ding-Iohara algebra [DIJ was introduced as a 
generalization of the quantum affine algebra, which respects the structure of the Drinfeld coproduct. 
We consider a particular case of the Ding-Iohara algebra having two parameters q and t, which we 
call U(q,t). As for the definition of U(q, t), see Appendix [Al In the course of the study on the vertex 
operator rj(z), the authors were lead to a particular representation of U(q,t). At present, we do 
not have a good understanding of the connection between the Macdonald theory and Lt(q, t). Thus 
in this paper the authors decided to treat the connection as an unexpected byproduct (see §§ !3.6p . 
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instead of starting from the Ding-Iohara algebra U(q, t) and deriving all the basic properties which 
we need for our free field representation. However, the authors hope the present paper can also be 
read in the logical direction. Namely, read Appendix[X]first where we collected the materials related 
to U(q,t), and proceed to §i )3,61 After that, concerning the free field approach, every formulas can 
be understood from the viewpoint of the representation theories of the Ding-Iohara algebra. 

As a related work, we mention the following. In the paper |FT| . one of the authors and Tsym- 
baliuk studied the equivariant .fT-theory by using the Ding-Iohara and shuffle algebras. 

Our heuristic argument is explained as follows. We have introduced the vertex operator r/(z) 
acting on J 7 . One can construct another one, which we call £(z) = Y2 n ^ nZ ~ n - ^ ee P-^P f° r its 
definition. Then we find the following three. 

(1) The permutation relation between £(z) and £(u>) can be obtained by replacing (rj, q, t) to 
(£, meaning that one can construct a family of commuting operators M. 1 in terms of 
A and £(z) with a suitable change of the parameters. 

(2) Then we have the commutativity [t?o,£o] = 0. This indicates that the operators / € M and 
g £ M' commutes with each other. See Proposition 13.22] 

(3) When we prove [770, £0] = 0, two more vertex operators (f + (z) and (p~(z) inevitably come into 
the game. See <^27\ and (|3^8D . 

Hence we have four vertex operators rj(z), £(z), ip (z) in total. A simple calculation gives us 
a proof that these vertex operators give us a Fock representation of U(q,t), which is our main 
statement concerning the Ding-Iohara algebra. See Proposition IA.61 

1.5. Elliptic deformation. Our algebra A(qi, q2, 53) can be regarded as a degenerate limit of the 
elliptic algebra proposed in |FOj . which we denote by A(p) = A(qi,q2,q3,p)- The basic properties 
of the elliptic algebra A(p) are stated in Proposition 14. 2\ showing that the deformation is smooth 
and the structure of A remains the same while we deform it. 

It has been recognized that tensor representations of the so-called dynamical quantum groups, 
including elliptic algebras, take their natural place when the Drinfeld quasi-Hopf twisting is applied 
[D]. See [FlEEl ElO EES IABRKI IJKOSll IJKOS2j for example and references therein. We aim 
at making the representation theory of the Ding-Iohara algebra U(q, t) compatible with the elliptic 
algebra A(p), and apply the quasi-Hopf twisting prescribed by Babelon, Bernard and Billey [BBBJ. 
We call the resulting quasi-bialgebra U(q,t,p) for short. Namely, we twist A (see Proposition 
[A2]) into a p-depending one A p (see Proposition IA.13|) . Then the dressed Drinfeld generators 
r](z,p), £,(z,p), ip^ (z,p), as in Definition IA.1H obey the dressed Drinfeld coproduct in Proposition 

EH 

Our main result, as regarding the elliptic deformation A4(p) of the commuting family A4, is 
stated in Theorem 14.51 

Finally, we remark that the Ruijsenaars difference operator [Rj and the operator M(q, t\,t2) 
of Okounkov and Pandharipande [OP| are appearing in our framework based on the quasi-Hopf 
algebra U(q,t,p). As for the Ruijsenaars difference operator, see Corollary 14.81 Take the zero 
Fourier component of the dressed current ^{z^pq^t) and consider the limit q = e h , t = e@ , 
h — y 0, while p being fixed. Then one can recover M(q, ti, £2)- See Proposition 14.131 We also 
make a comment that U(q,t,p) provides us with a natural framework to understand the deformed 
W m algebra introduced in [SKAOl IFF|. lAKOSj from the point of view of quasi-Hopf algebra. See 
Proposition IA.201 

1.6. Plan of the paper. This paper is organized as follows. In §[2] we present our proof of 
Theorem 11.51 §[3] is devoted to the proof of Theorems 11.101 and 11.191 Since our proof uses the 
technique of the free field construction, materials related to the algebra A(q _1 , t, qt' 1 ) and to the 
Ding-Iohara algebra U(q, t) are dealt in a complementary manner. In §[H based on the elliptic 
algebras A(qi,q2,q3,p) and U(q,t,pq~ l t), we consider the elliptic deformation M{p) of the family 
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of Macdonald difference operators A4. Definition and basic properties of the Ding-Iohara algebra 
U(q,t) are summarized in Appendix lAl 
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2. Proof of Theorem 11.51 

This section is devoted to the proof of Theorem 11.51 We embed A in an ambient space which is 
called A. Then we gradually reduce our space as A D A D A D A. The same statements listed in 
Theorem 11.51 will be proved for A. After that we will show A D A. 

2.1. Construction of the Algebra A. First we recall the notation of [M| for the symmetric 
polynomials. Let x\,X2, . . . ,x n be a set of indeterminates and A n := Z[xi, . . . ,x n ] 6n be the ring 
of symmetric polynomials. A n has a natural grading, A n = ©fc> An> where A 1 ^ consists of the 
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homogeneous symmetric polynomials of degree k, together with the zero polynomial. We denote 
the base changes by A n ^ := A n ®z F and F := ®z F. We write the van der Monde determinant 
as A n (x) = A( Xl , ...,x n ):= Ui<i<j< n ( x i ~ x i)- 

2.1.1. We start our consideration from the ambient space A. 
Definition 2.1 (Space A). For each n G N, we set 



A n '.- 



p(xi, ...,X n ) 

A(xi,...,x n ) 2 



p(xi, ...,x n )e A n 



n(n— 1) 



F 



(n>l), A :=¥. 



Define A:= 0„> o An- 

Lemma 2.2. Let m, n G N. For / G A m and g G A n we have / * g G A m +n- 
Proof. Set / :=£>(xi, . . . , x m )/A m (x) 2 and 5 := . . . , x n )/A n (x) 2 . Then we have 

, 1 f P(xi, . . . ,x m ) q(x m+ i, . . . ,X m+n ) -p-r \ 

1 



l<a<m 
m+l</3<m+n 



A m + ft (x) 



1 7 ^ 3 XI sgn(cr)cr(polynomial) 



o-e6„ 



A m+n (x) 2 



(symmetric polynomial). 



Lemma 2.3. The star product * is associative on A. 
Proof. Take / G Ai, g G A„ and /i G ,A n . Then 
(/ + m + n) l(f * g) * h 

^2 o-((f*g)h Yl w{x a ,xp)\ 



l<a<l+in 
l+m+l<f3<l+m+n 



^— - ^2 T (f9 [1 w(x 7 ,xa)j/i If u{x a ,xp) 



(l + m)\ 



1<7<2 

l+l<6<l+m 



l<a<l+m 
l+m+l<f3<l+m+n 



xs) 



Y\ u{x a ,xp) 



1<7<2 

l+l<S<l+m 



By the same argument we have 



l<a<l+m 
l+rn+l<f3<l+m+n 



creS 



□ 



(l + m + n)\f*(g*h)= ^ ofgh ][ w(x 7 ,x 5 ) ]] wf^,!^) 



/+l<7</+m 
l+m+l<8<l+m+n 



l<a<l 
l+l<f3<l+m+n 



□ 



Hence, we have shown 
Proposition 2.4. (A, *) is a unital associative algebra. 
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2.1.2. Next, we consider the following subspace A C A. 

Definition 2.5 (Space A). Set Aq := F. We define the subspace A n C A n by the condition: for 
any / G A n and any 1 < k < n the limit d^'^f (see Definition I l.lj) exists. We set A := n >oAi- 

Lemma 2.6. If / G „4 m and g G „4 n , then / * g G A m +n- 

Proof. Thanks to the definition of the star product (Definition [13]), the definition of lo(x, y) in (|1.3p . 
and the definition of „4, it is clearly seen that the required limits exist, hence / A n + m . □ 

For our later purpose, we give an alternative characterization of the space A. 
Proposition 2.7. We have 

A\ = l P ^'Y'v^ p(xi,...,x n ) = ^ c\mx{xi,...,x n ), c x gf|, 

where 25 n := (2(n — 1), 2{n — 2), ... ,2,0) and m\ denotes the monomial symmetric polynomial in 
x%, . . . , x n associated to the partition A. 

Proof. We show that for any / G A n , the following conditions are equivalent: 
f £ A n <S=^ / = p(xi, . . . ,x n )/A n (x) 2 , 

where p G A" ^ ^ is of the form c\m\(xi, . . . , x n ), c\ G F. 

A<2<5„ 

Fix any 1 < k < n. Expand the numerator of / G A n , which is a symmetric polynomial in 

Xn—k-\-li • • • 5 ^ni aS 

f{x\, . . . , Xn) = — -; ^ ^ hp(x\, . . . , X n -.k)mp(x n —k+li • • • j 

nW |p|<»(n-l) 

where Zip is a symmetric polynomial is a?i, . . . , x n -k- Shifting the variables as X{ — > £xj (n — k + 1 < 
i <n), we consider the limit 

lim f(xi, ... , x n -k, ixn-k+i, ■■■ , Z,x n ) 

= hm . 2ck( 2._ k _y> , 1 Y] h p {xi,... ,x n - k )m p (x n - k +u--- ,x n )& 1 , 

5^oo A n -k{x) 2 S, kl - 2n k L > + lower. J-f H 

\p\<n(n~l) 

where the symbol 'lower.' denotes the lower degree terms in £. To have this limit existing, we have 
the conditions ^|p|=j^p m p = f° r 2 > k{2n — k — 1). From the linear independence of m\ in 
Afc ! F[a;i,...,a: n _ fc ]j we have h p for all p satisfying \p\ > k(2n — k — 1). The converse is trivial. □ 

Summarizing the construction for A, we have 
Proposition 2.8. (A, *) is a unital associative algebra. 

2.1.3. We impose the wheel conditions (|l.ip on the space A. 

Definition 2.9 (Space A). Set A := F, At := F and A 2 := A 2 . For n > 3, let An C A be the 
subspace specified by the wheel conditions 

f(x 1 ,qixi,qiq 2 xi,x i , ...,x n )=0, f(x 1 ,q 2 x 1 ,q 1 q 2 xi,X4 : , ...,x n )=0. 
Set A := © n >o An- 

Proposition 2.10. (A,*) is a unital associative algebra. 
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Proof. It is enough to show that / * g G A m + n for / G A m and g G .A n . Recalling the star product 
* in Definition 11.41 ° ne can write it as 

(2-1) f*9= , m ' n ' V f(x I )g(x I c) TT u}(x a ,xp), 

[m + n ! - LJ - 

v y JC{l,...,m+n} aei",/3e/ c 

#7=m 

where we have used the abbreviation a;/ = {xq, | a G 1} and x/c = {xp \ f3 G I c }. If {1, 2, 3} C I or 
{1,2,3} C J c , we have 

/( a '/)5'( a '/ c )|x2=gia;i,a;3=(ji(j2^i = ^ 

from the wheel condition for / and g. In the other cases we have 

Uj{x a , X^)\ X2= q 1 x ljX3= q 1 q 2X1 =0 

by the definition of The study of (f*g)(xi, q2X\, q±q2X\, X4, . . .) goes exactly in the same way. □ 

2.2. Gordon filtration. The goal of this subsection is to calculate the dimension of A n (see 
Proposition 12.201 below) . In this and subsequent subsections, we need to analyze zero conditions of 
/ G A n - Before we proceed, we recast the results obtained in the last subsection as follows. 

Definition 2.11. Let V n = V n (qi, q2, ^3) be the vector space of polynomials p{x) = p(x±, . . . , x n ) 
satisfying the following conditions. 

(i) p is a homogeneous symmetric polynomial of degree n(n — 1). 

(ii) p has an expansion p(x\, ...,x n ) = J2x<28 n c\m\(xi, . . . ,x n ), c A G F. 

(iii) If n > 3, then p satisfies the wheel conditions 

p(x 1 ,q 1 xi,q 1 q 2 xi,x i , . .. ,x n ) = 0, p(x 1 ,q2X 1 ,q 1 q 2 x 1 ,x 4: , ...,x n )=0. 

Then we have A n = {p{%i, ■ ■ ■ ,x n )A n (x)~ 2 \ p G V n }- Applying the specialization map ip (|1.4|) . 
we define the Gordon filtration on the space A n - 

Definition 2.12 (Gordon filtration). For qi (i = 1,2,3), and a partition A of n satisfying A < (n), 
define A^\ C A n by := Clu^x ker <f^- We also set A^ 1 ^ := A n . We introduce a filtration 
on the space V n in the same manner, and denote the corresponding filter by V n q ^. We have 

A { ::i=v n ^-/\ n ( X )-\ 

Remark 2.13. One may give a diagrammatic meaning to the specialization map ip: for a partition 
A = (Ai,...,A m ), we assign a monomial to each box in the Young diagram of A by the rule 

the box at the i-th. row and j-th column 1— > y%q*~ ■ 

In Figure [H we show an example (the case A = (4, 4, 2, 1, 1, 1)). 

Lemma 2.14. Let A and fx be partitions of n such that A > [i. Then for i = 1, 2, 3 we have 

dta*#(^Va2)<i. 

Proof. From the symmetry, it is enough to check the case i = 1, hence we suppress the dependence. 
Write A = (Ai, . . . , A m ), and take an element p G V n ,X which gives us a non-zero element 

( i fxp)(y) = p(yi,qm • • • , Vm, qiVm <il m ~ l ym) + o. 

The total degree of (f\p is n(n — 1), and the degree in each should satisfy 

deg y .(<p x p)(y) < ^2(n - k) = 2n\ - {\ + l)X h 
k=l 
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Figure 1. Specialization map ip for A = (4, 4, 2, 1, 1, 1). 
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because of the expansion p(x\, . . . , x n ) = J2u<28 c v m v {x\, . . . , x n ). Now the assumption p € V n ,\ 
f]^x ker shows that ip\p is zero if 



(2.2) 



where 1 < i < j < m. Note that the list here counts the zeros with correct multiplicities. Hence 
(f\p is divisible by 

q\(y)--= II \ \{(y 3 -qi' k yi){yj-qi k yi) \{ Y[{yj-q2q[- k y i )(y j -q2 1 q l r k yi) \- 

l<i<j<m L fc=0 J L fc=0 j =1 J J 

The total degree of q\(y) is 



deg(7A(y)= ^ (2A i + 2A i (A j -l)) = ^2A i A i 



n 



and the degree in each yi is 



degjK <? A (y) = 2A * A i = 2nA * ~ 2A 



Therefore the quotient r(y) := (<p\p)(y)/q\{y) has the total degree 

degr(y) = deg(9? A p)(y) - deg<? A (y) = n(n - 1) - (n 2 - ^ A 2 ) = ^ Aj(Aj - 1) 

i i 

and the degree in each variable y« satisfies the inequality 

deg^ r(y) = deg K (y> A p)(y) - deg^. g A (y) < [2nA; - A, (A, + 1)] - [2nA; - 2A 2 ] = A, (A, - 1). 

This means that the r(y) should be YliLi y^^ ^ U P to constant multiplication. 

Hence we have shown that the image ip\P n ,\ is the one dimensional vector space spanned by 

(2.3) 



Cx(yi,--- ,y m ) : =II y i j(Aj 1)( i^y)- 



□ 
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Definition 2.15 (Element e n ). For n > 1 and i = 1,2,3, define 

(x k - qiXi)(x k - ql l xi) 



e n (x;qi) = e n (xi, . . . ,x n ;qi) := j j 



{x k - Xl y 



Proposition 2.16 (Bottom of the Gordon filter). «4 n 9 (]n) is a 1-dimensional subspace of A n spanned 



We also set t\ = 1. For a partition A = (Ai, . . . , A m ) of n, we write e\ : = e Al * • ■ ■ *e\ m for simplicity. 

Propositio 

by e n (x;qi). 

Proof. We may assume n > 2. Let / G ^4 n and write it as / = p ■ A~ 2 . We have 

/eker</^i™-2) p(yi,nyi,y2, ■ ■ ■ ,y n -2) = o 

<^=> (x 2 - %xi) I p (x 2 - qiXi)(x 2 - q^ 1 xi) \ p 

•^=> LI ( Xfc - qiXi){x k - q~ l xi) | p, 

l<fc</<n 

because p is a symmetric polynomial. Since the degree of p is n(n — 1), / must be a constant 
multiple of e n (x; □ 

Our next task is the determination of the filter A^ v in which the ejy (x; q,j) lies (A' is the transpose 

of A). We need to study the image ipp€\>(x\ qi) in some systematic manner. For A' = (A' l5 . . . , AJ), 
we have 

(2.4) e A '(x) = -j JjAj!^ev i /(a;) ! e A /,/(j;) := J[ eyjz/j ]J ~[[u(x a ,xp), 

' j=l I h=l l<j<k<laelj 

where the running index / = (ii, . .. , I{) satisfies I\ U . . . U Ii = {1, . . . , n}, and we used the 

abbreviation xi- := {x a \ a G Ij} (1 < j < I). To state when ipfe*' e\>j(x) vanishes, we introduce 
the following terminology. 

Definition 2.17 (<p$ -irrelevant index). Let A h n and / as above. Let \x = (fii, . . . ,/U m ) h n. We 
say that the index / is p^ -irrelevant, if there exists a pair (h, a, (3) (1 < h < m and < a < j3 < 
Hh — 1) for which we have ynqf G (p^\xi k ) and y^gf G (xii) for some 1 < j < k < I. We call 
an index / p^ -relevant if / is no£ <£>^ -irrelevant. 

Lemma 2.18. If I is <^ -irrelevant, then we have <pfH e\'j(x) = 0. 

Proof. This immediately follows from the condition u(qiX,x) = 0. □ 
Proposition 2.19. e x >(x;qi) G and <^ l) e A '(x; %) ^ 0. 

Proof. We set i = 1 and suppress the dependence on q\. We first show that p^e\i = for fi 
A. Denote \l = (fi±, . . . , /j, m ) and A' = (A' 1; . . . , AJ). The set of running indices / in (|2.4|) are 
classified into two; (Case I) set of ^-irrelevant indices and (Case II) set of 99^-relevant ones. 
Lemma 12.181 means we can discard all the indices in Case I. Now we subdivide Case II = {/ | 
for any pair (h,a,(3), y h q a G ^(x/J and y h qP G p^(xi k ) means j < k}. 

(Case Ha) there exists a pair (h,a,/3) such that yhq a ,yh,q^ £ <Pn(%ij) for some j, 
(Case lib) for any pair (h,a,(3), ynq a £ wOej,-) and ynq^ € p^(xi k ) means j < fc. 

In Case Ha we must have (3 = a + 1, since otherwise the index must be an element of Case I, which 
is a contradiction. If (3 = a + 1, p^ey = by the definition of e r . Finally, one finds that Case lib 
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cannot occur. For Case lib implies /ii + • • • + fih < Ai + • • • + A^ for all h > 1, which contradicts 
the assumption fi j£ A. 

Now we prove the second statement. Set A = (Ai, . . . , A^) (£ = A^). Then we find that there 
exists only one (p\-icelev&nt index and it is I = ({1, Ai + 1, Ai + A2 + I, . . . , Ai + - • - + A^_i + 1}, {2, Ai + 
2, Ai + A 2 + 2, . . . , Ai + • • • + A^_a + 2}, ...,{/,. . .}). Then 

11 x 'j K 

(^y)(y) = -llX' h llle K (y 1 ,...,y K ) ]J HH^y^ 1 ^^- 1 ), 



l<j<k<la=l(3=l 



Thus (ip\t\i)(y) 7^ and the proof is completed. 



□ 



Proposition 2.20 (Dimension of A n ). For a partition A h n, (e^(x;qi))^>\' form a basis of A^\. 
In particular, A n has a basis (e\(x; qi))\\-n and dimF^4 n equals to the number of partitions of n. 



Proof. LemmaEHand Proposition EES gives us dim F <p[ qi) (A x 9l) / A { ^ ] ) = 1. 



□ 



2.3. Commutativity of A. 

Proposition 2.21 (Commutativity of A). A is a commutative algebra. 

Proof. It is enough to show that {e n (x; \ n G Z} is a commutative family. We can suppose i = 1 
without loss of generality. 

First we will show that e n * e\ = e\ * e n . Consider the specialization 

V(^in-i)[en»ei] 

(912/1, 2/2, y n )v(yi,qm) Y[ "(m, 912/1) 



n + 
1 

n + 1 



i=2 



i=2 



e n -i(y2, ■ ■ ■ ,yn)v(yi,qiyi) 



i=2 



e 2 (yi,yi)u}(yi, qiyi) - Yle 2 {q 1 y 1 ,y i )u(y 1 ,y i ) 



i=2 



where [e n , ei] := e n * ei — ei * e n . Noting that 



e2(yi,yi)u{yi,qyi) = e 2 {qyi,yi)u}{y 1 ,y i ) 



(yi - Qi yi)(yi - 912/0(2/1 - 922/1X2/1 - qm) 



(yi - yi) 2 (yi - q 1 1 yi) 2 



we have ¥'(2,l n - 1 )[ e ri) e i] = 0- Lemma \2. 161 means that [e n ,ei](x) = ce n+ i(x) with c £ F. Using the 
specialization with respect to q 2 , we have 



(92) 



TT (gg ~ glg2)(g2 ~ gl 1 qj) / q 

11 (g|-^ 2 ) 2 



l<i<j<n+l 

which indicates that c = 0. Hence we have e n *ei = ei*e n . 

Next we examine the commutator [e m ,e n ] in general. Consider the specialization 



^(2 !"»+»— 2 ) fcf7J> 



1 



(m + n — 2)! 



j 2/2 j • • • j 2/m J £ n (912/1 1 2/m+l j • • • ) 2/m+rt— 1 J 



n 



91 2/1 J 



a=2 



m+n 



n w (yi'2//3) 

/3=n+l 



n u(ya,yp) J 



2<o<m 
m+l</3<m+ra 
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<r[ em(?l2/l,2/2, ■ ■ ■ ,ym)^n(Ul,ym+l, ■ ■ ■ ,2/m+n-l) 
[ra + n — ly. \ 



O-SSm+n-2 

m -i p m+n 

JJw(yi,y a ) Y[ u (<iiyiiyp) 

(3=m+l 



a=2 
1 



2<a<m 
m+l<f3<m+n 



(m + n — 2)! 



<reS m + n _2 
m+n— 1 



cr( e m -i(y2, • • • ,y m )tn-l{ym+l, ■■■> Vm+n-l) 



i,y a 



a=2 



■ m+n—1 



0=m+l J L a=2 - 1 L /3= m +l 



2<a<m 
m+l</3<m+n 



a=2 



m+n—1 



- m+n—1 



]J e 2 (yi,yi3) Y[uj{yi,y a ) u(yp,qiyi) 

0=m+l J L a=2 - 1 L /3=m+l 



n u(yp,y a ) \ \ ■ 



2<a<m 
m+l</3<m+n 



where a G 6 m+n _ 2 acts on (y 2 , • • • ,y m +n-l)- The equation 



m+n—1 



m+n—1 



II £2(2/1,2/0) II e 2{q\y\,yp) \\ u{vi,yp) J| wG/ a , gm) 

a=2 /3=m+l a=2 0=771+1 

m m+n—1 m m+n—1 

: n e2(qiyi,y a ) n £2(2/1, 2/0) ^(yi,y a ) Yi w (2//3> 9i2/i) 

a=2 /3=m+l a=2 /3=m+l 

m+n—1 

n 

i=2 



(2/1 - qw)(yi - 92j/»)(yi - 932/0(2/1 - q± 2 yi) 



(yi - yi) 2 {yi - q\ 1 yi) 2 



shows that the image <^l m +«- 2 ) [ e m, £n] is proportional to [e m _i, e n _i](y 2 , • • • , 2/m+n-i)- By the 

induction hypothesis [e m _i,e n _i] = 0, we have yj^im+n-a) [ £ m, e n ] = 0, which implies that [e m ,e„] 

is a constant multiple of e m+n . One can show that ^j^_Je m , e n ] = 0, and ^^ +n f m +n / by a 
straightforward calculation. Hence we conclude that e m * e n = e n * e m . □ 



2.4. Derivations d^°°' k ' ,d^ 0,k ' and the final step of the proof. For / G A n we need to study the 
image d(°°' k ^f and d^°' k ^f, including their existence. As for the existence, Proposition 12.71 assures. 
To express the image of <9(°°' fc ) and in a concise manner, we extend the definition of the star 

product as follows. Let /1 G Ak, gi G At, / 2 G Am and g 2 G ,4 n , we set (/1 ® 51) * (/ 2 <g> 52) := 
(/1 * /2) <S) (51 * 52) G Ak+m ® -4,;+n) and extend this by linearity. In this extended case, the 
associativity of the star product holds as in Lemma 12.31 

Lemma _2.22. (1) d^ k \e n (x; &)) = d(°°' fc )(e n (x; &-)) = e n _ fc (xi, . . . , x„_ fc ) (8) e fc (ar n _ A+1> . . . , x n ) G 
^4„_fc <g) ^4fc for any n, k G N. 
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(2) For / <G A m , g G A n and a = oo or 0, <9( a > fc )(/ * g) £ A n -k <S> Ah exists and 



d {a ' k) (f *g) = Y J ( k ) ( dM f) * (d {a ' k - %) 9). 



Proof. (1) follows from a direct computation. 

(2) We use tentative notation y = (y 1 , . . . , y m+n ) := (x 1 , x m +n- k ,&m+n-k+i, ix m+n ) and 
J := {m + n — k + 1, ...,m + n}. Using the alternative expression (|2.1|) yields 

( TO + n _ k )\ ^oo (m + n)! ^ 

~ #i= m m c 

mini 



{m + n^ky. E E Mm (/(w)ff(y/«) II 

^ ' i=0 /C{l,...,n+m} V a£/ 7 

#/=m, #(/nJ)=i Z 36 ^ 

(m-i)!(n- (fc -*))! ^ / m! r , n! f , 
(m + n-fc)! E E )T [fe/M (n - (fc - L 

i=0 JC{1,. ..,n+rn} 
#I=m, #(/nJ)=i 

LS ael 

/3e/ c 

X 

i=0 IC{l,...,n+m} V ae/nJ 7S/nJ c 

#/=m, #(/nJ)=i /3e/ c nJ 5e/ c nJ c 

m + n — fc\ _1 fm + n — k 



lim IT u{y a ,yp) 

■—too 

cxdl J 

/3e/ c 

C^^T'e e (c^/)^ 00 ^) n n -^)) 

^ 7 i=0 7C{l,...,n+m} ^ ae/nJ ^' n ' c 

#/=m, #(/nJ)=i /3e/ c nJ 

)"e (!)( m , + ;:; t )( (9< °°'' ,/) * (8,0 °" ,,9) ) 



m — i 



k 

EC) ((5 (oo ' 4) /)*(9 (oo ' fe - 4) 5 )). 



Thus the limit d^°°' k \f * g) exists and the Leibniz rule are proved. The case 

0(0,*) is t he same. □ 

Proposition 2.23. We have A = A. 

Proof. A n C An follows from the definitions, so we will prove the other direction An C An. Since 
the family {e\(x;qi) | A h n} spans A n , it is enough to show that e\{x;q.j) S .4, that is, e\ satisfies 
the condition (ii) of Definition 11.21 Set A = (Ai, A2, • • • , A;). Lemma f2. 22 1 (2) yields 

d {a ' h) (e x ) = V ( . . m . )d^\e Xl ) * d^(e X2 ) * • • • * d^\e Xl ) 

for a = 00 and 0. Then the conclusion follows from Lemma 12.221 (1). □ 
Hence we have proved Theorem 11.51 

3. Free field, Wronski relation, and proof of Theorems 11.101 and 11.191 



In this section we investigate the free field realization of the Macdonald difference operators, 
which we need for our proof of Theorems 11.101 and 11.191 One more necessary ingredient is the 
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Wronski relation, which gives a certain identity among operators acting on T '■ In what follows, we 
frequently use the notation for (/-integers and the (/-shifted factorial: 

Mi- Y^TT, W--=I[{k) q , (a;q) k :=l[(l-a q l ). 

9 k=l i=0 

We also use the infinite product 



i>0 

which is regarded as a formal power series in x over F. 

3.1. Preliminaries. We briefly recall some basic facts on the Macdonald symmetric polynomi- 
als/functions and on Macdonald's reproduction kernel. Recall that we have denoted by A n the 
ring of symmetric polynomials in x = (x\, . . . , x n ) over Z, and by A k the space of homogeneous 
symmetric polynomials of degree k. The ring of symmetric functions A is defined as the inverse 
limit of the A n in the category of graded rings. We set Ap = A <S>z 

The Macdonald difference operator D r n [Ml VI §3] acting on A n ^ is defined by 

(3.i) £ nl^n^ 

Jut Ju T 

IC{l,2,...,n} iei 3 kei 

#I=r 3p 

where T q>Xi denotes the (/-difference operator T q>Xi f(xi, . . . , x n ) = f(xi, . . . , qxi, . . . , x n ). 

Proposition 3.1 (Macdonald). For A h n such that £(X) < n, P\(x;q,t) £ A n ^ is uniquely 
characterized by 

(c) Px(x; q,t)=m x + Y J c^m, {c^ P G F), 

(d) D r n (q, t)P x (x; q, t) = (t n s x , t n s x , t n s x )P x (x; q, t), 

where e£ (si . . . , s n ) denotes the elementary symmetric polynomial in n variables (s±, . . . , s n ), and 
s x := q x H-\ 

Denote by e r (s) € Af jS the r-th elementary symmetric function in the infinite set of variables 
s = (si,s 2 , • • •). 

Lemma 3.2. Let A h n such that £(X) < n. Define the infinite sequence s x = (s x , s%, . . .) by 
s x := t~ l q Xi and set the finite sequence t n s x := (t n ~ 1 q Xl , . . . ,q X "). Then we have 

r ,-nr- ( r - l 2 +1 ) 
e ^ = E u-i Fn e\ n \t n s x ) € F[[t-% 
i=o {t ' r >r '- 1 

where all the rational factors in the RHS such as 1/(1 — t~ k ) (k > 1) must be understood as the 
power series Yli>o^ ■ 

Proof. Introduce the generating functions for e r (s) and e£ (si . . . , s n ) as 

n n 

E{s;u) = Y\(l + s iU ) =J2 e r{s)u r , E^(s;u) = J](l + Si u) = £4 n >( a )u r . 

i>l r>0 i=l r=0 

Then we have 

n 

E(s x ;u) = H(l + s x u) = JJ(1 + s x u) H (1 + r'u) = E^{t n s x ;r n u) ■ (-t~H- n u; t' 1 )^ 

i>l 1=1 i>n+l 
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n .. 
= ]>>W(iV) • (t-V £ ft -i.ln ft-"-^)^-^) 

1=0 m>0 ^ ' ^ m 

r>0 1=0 V ' ,r 1 

□ 

Thus we have proved 

(n) 

Proposition 3.3. Let n G N+. Set a difference operator acting on A ni p by 

z=o 1 ' )r - 1 
For any partition A satisfying ^(A) < n, we have 

E^P x (x;q,t) = e r (s X )P x (x;q,t), 

where P\(x;q,t) £ A ni F denotes the Macdonald symmetric polynomial, e r (x) G Af is the r-th 
elementary symmetric function defined in (|3.19p . and s x = (t~ 1 q Xl , t~ 2 q^ 2 , . . .). Hence the inductive 
limit E r := lim Er exists. 

i n 



Remark 3.4. Note that if we renormalize the operator suitably as it l ;t ^) r Er , then the mod- 
ified eigenvalues (£ -1 ;f -1 ) r e r (s ) lie in F. 

Next we turn to the case of the symmetric function in Ap. For a partition A, denote by mi the 
number of parts i in the partition A. The scalar product on Af is defined by [Ml VI. 2. 2] 

1 - q x i 



Set b x = b\(q,t) := {P\(x;q,t), P x (x;q,t)) qt , and Q x (x;q,t) := b x (q,t)P x (x;q,t). Then (Q A ) 
forms a dual basis of (Pa)- For two sets of independent indeterminates x = (x\,X2, ■ ■ ■) and 
y = (yi,U2, ■ ■ ■), the reproduction kernel is defined to be 

(3.2) n(x, y ;,,t):=n|^^ 
Then we have [Ml VI.4.13] 

(3.3) II(x, y; g, t) = £ p a(^; <?, t)Q x (y; q, t). 

x 

Lemma 3.5. Let n G N + and y = (yi,--- ,y n )- Assume that an operator E r on the space of 
symmetric functions Af in x = (x\,X2, ■ ■ ■) satisfies E r Ii(x,y) = E r n yU(x,y). Here the subscript 
y indicates that the operator is acting on y. Then E r P x (x;q,t) = e r (s x )P x (x;q,t) for any A h n 
satisfying £(X) < n. 

Proof. Note that (Q x )e( X )< n is a basis of A n ^ and use the expansion (|3.3p . □ 
The automorphism u q t on Ap is defined by 

(3-4) co g , t (Pr) := (-l) r - 1 \^Pr. 

It is known that ([M, (VI.2.15), (VI.5.1)]) 

(3.5) oj qtt (g n (x;q,t)) = e n (x), u q;t (P X (x; q, t)) = Q x >{x; t, q). 
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3.2. Proofs of Propositions 11.161 and I1.18L First we give proofs of Propositions II. 16l and [TITHl 

The former is easy, but the latter requires some preparation. 

Proof of Proposition \ 1.1 61 Noting the symmetric property (jl.9p . we have 
0(f*g) ' 



(m + n) 



1 



(m + n)\ 



TS© m +„ 



Ti + n 

{J Uj(Zi,Zj 



o-es 



l<i<m 
m+l<j<m+n 



Zm)g(Zm+l j • • • i Zm+n) 

n w (^>«i) -i j»/(«i) 



l<i<j<m+n 

r/(zi) • ■■r](z m ) 



J i 



l<i<j'<m 

ff(^m+l> • • • ! Zm+n) 

] [ u(z k ,zi) 

m+l<k<l<m+n 



m+1 > 



/6 m x 6 n ) 
(m + n)! 

(m + n)!/m!n! 



/(zi, . . . ,z m ) 

l<i<j'<m 



77(21) • ■■r](z m ) 



■ ■ r](z m+n ) 
g{zi, ...,z n ) 

l<i<j'<m 



»7(«l)-"»7(2r») 



0(/)0( 5 ) = 0(f)0(g). 



□ 



To our proof of Proposition 11.181 a key role is played by the following free field representation. 

Proposition 3.6 ( |S2l Theorem 9.2]). Let e r (z;q) be the element in Definition 12.151 Let E r be 
the operator on Ap in Proposition 13.31 Set 

E r = E r (q, t) := — . 1 lt ~ ■ 0(e r (z; q)). 



(3.6) 

Then for any partition A we have 



E r P x (x;q,t) = E r P x (x;q,t). 



We defer the proof of Proposition 13.61 to the next subsection, since it is a little lengthy, and we 
also need to continue similar developments further for later purpose. 

Proof of Proposition \1 . Proposition 11.161 means that O(-) is an algebra homomorphism. By 
construction, surjectivity is trivial. Changing the normalization, we set 

fr{z) ■■= {t -i. t -r )r r , ^z;q), 

and denote f\ := f\ 1 *f\ 2 *---. Expand / G A n by the basis (e x (z; q)) as / = ^ hn c^f^(z). From 
Propositions 13.61 11.161 we find that 0(f)P\(x;q,t) = ^2^ n c^e^{s x ) ■ P\(x;q,t) for any A. As for 
the injectivity, we must show that Y2u\-n c M e i«( s *) = f° r anv ^ indicates / = 0. From Lemma I37T1 
below, we have Suhn^^W = in Af. Hence c M = 0, showing that / = 0. □ 



Lemma 3.7. Let k G N, and set s 
condition that f(s x ) = for all A, then / = 0. 



1>°2> 



.) = (r-VV~VV--)- If / G Ap satisfies the 
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Proof. We prove this by induction. For / £ Aj, the statement is trivial. Let / £ Aj with k £ N+. 
Expand / in x\ as / = Y^i=o x i~ 1 9i{ x 2i X3, ■ ■ ■)■ Then we have sjj, . . .) S F[[i -1 ]]. Since 

the ring F[[i -1 ]] is an integral domain, the polynomial remainder theorem applies. For a fixed 
(^2) A3, . . .), consider the infinite sequence of evaluations x\ = t~ 1 q^ 2 ,t~ 1 q :s ' 2+1 , .... Then one finds 
that gi(x2, X3, . . .) = for i = 0,1,..., k — 1 by the induction hypothesis. Hence / becomes a 
symmetric function which does not contain x\. From the symmetry in x^s we conclude / = 0. □ 



3.3. Proof of Proposition 13.61 We recall the notation and a lemma in |S2| . 
Definition 3.8. Set 



(3.7) 



<j)(y) :=exp( ^ - 



1 —f n a 

± b u,— n ^ n 



n 



n 



(txiy; q) c 



^2g n (x;q,t)y n . 



V>1 - - - / j>! 0*2/;<?)oo n > 

Here we have used the identification p n (x) = a_ n . 

Lemma 3.9 ([H21 Lemma 9.3]). We have 

<t>{yi) ■ ■■^{Vn) ■ 1 = n(a;i,»2, • • • ,yi, • • .,y n ;q,t), 
1 — V / z 
1 - iy/z 

where 1 denotes the highest vector in the Fock space and n is the reproduction kernel (|3.2p . 

Proof of Proposition Iff. 61 Our argument here is based on Lemma 13.51 and the reproduction kernel 
expressed as in the first relation of Lemma 13.91 We examine the action of E r on the y^s. For 
simplicity of display, we use the abbreviation <p y = 4>{y\) . . . 4>(y n )- Note first that 



—^-er(z;> 



*K n T^k)- 

M<i<i<r 



Using (|1.8|) . we have 

t -r(r+l)/2 



r n 1 / 
TT TT 1 ~ Vi/ Z j 

J- J- J- J- 1-tyJz, 

j=li=l yi/ 3 



The non-trivial residues occur at z r = ty^ (1 < k < n) and at z r = 0. Thus we can proceed as 



E, 



a-^dini 

j=l 1=1 



tyi/zj 



i^k 



Vi/Vk 



1 - Zj/Zi 



TT : 

l<i<i<r— 1 



Zj / Z{ 



X 



+ 



t -r(r+l)/2 



l<i<r-l 
r— 1 n 



nni 



1 - 2fi/2j 



TT : 

w i-t-i 



j=li=l ** H<i<j<r-1 

x y : 77(^1) • • • 77(^-1) : • 1 



1 - Z j/Zj 

Zj I Z{ 



fc=i j^fc 



1 -t- 



1 - r 



E r -l4>y ' 1) 
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where 4> y - k := <fi(yi) ■ ■ ■ 0(yfc-i)<K2/fc+i) • • • 4>{yn)- By the induction hypothesis on E r ~i, we have 
(3.8) * 

t-n-r ,r-l t _ n(r _i)_( 7 <) v x 



^ ft- 1 ;*- 1 ),.. 



i-i 



where D l n _ l y - k denotes the Z-th Macdonald operator acting on the n — 1 variables y±, . . . , yk-i, 
yk+i, ■ ■ ■ ,y n , and D l ny denotes the Z-th Macdonald operator acting on y\ . . . , y n . The first term of 
(|3.8[) can be computed as follows. 

tn^f^.°u*=' ffl E e n ^nfff n r »< 

k=l mj±k fc=l /c{l,...,n} lEi m^fc ?e/U{fe) 

i/r=« 



ri 



t 



(a E e iC ':; n " n^, 

fc=lJ C {l,...,n} ieJ Wi WJ mSJ\{fc} «eJ 
fee,/ 
|J|=H-l 

e (e n fff)n*ffn^. 

\J\=l+l rt J 

1-t 



D l+1 

-l n,yi 



where D l n + y denotes the (Z + l)-st Macdonald operator acting on y\ . . . , y n . Here we have used the 
partial fraction expansion 



En 



tyj -y% i - t r - 



Hence we have 



Vj-Vi i-t 

i=l 



t -r-n+l {1 _ r l) ^1 r („-l)(r-l)-(V) 1 _ t -J-l 



- f -„r-(''i +1 ) 

= E (t -i. t -n _ • 1 = E r<t>y ■ 1- 



□ 



3.4. Wronski relation of the Macdonald difference operators. Next, we proceed to the 
construction of the Wronski relation, which is a key to the proof of Theorems 11.101 and 11.191 

Definition 3.10. Define the operator G n on the Fock space T for n € N by 
(3.9) G n = G n (q,t) := \ ' q [ f 0(e n (z;t)). 

{q;q)n n\ 
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Proposition 3.11. For n 6 N, we have the Wronski relation 

n 

(3.10) Et" 1 )^ 1 " 1 k t n ~ k )En-kG k = 0. 

k=0 

Proof. For a while, we denote the dependence on the parameters by q\ and q 2 (instead of q^ 1 and 
t) for simplicity of display. We will show the next identity in A 

(3.H) S n := £ Q (g* - <£- fc ) (^j) Vfcte ?i) * e k (x; q 2 ) = 0, 

which is equivalent to (|3.1U|) . It is enough to verify that for any A = (Ai, . . . , A;) hn one has 
(3.12) V ( ?\Sn) = 0. 

Our proof is an induction according to the dominance ordering of the partitions. We will fix the 
index i = 1 and suppress the symbol 

First we show (p^(S n ) = 0. Skipping some trivial algebra, we have 

(_ 1 \ n—X n—X 
^—^ e n - 1 (q 1 ,...,q?- 1 ;q 2 )l[u(l, q i) 



+ (q^-l)(^ Z ^) n e n (l,q 1 ,...,qr 1 -,q2) 



qi-1 



71-1 



92-1 \ _ n _ 2 



e n -i(qi,... ,q" ;q 2 ) 



n-l , _ 1 \ n_1 \ 

(gr 1 - ft ) JJ g<) + (tf - 1) q f— IJ e 2 (l, gi; ») = 0. 
i=l ^ ' i=l ' 



Next, fix a partition A and assume ip u (S n ) = for any v > A. Then the structure of the Gordon 
filtration indicates 

S n G |J A- 

/ihn, /i<iA 

Here the symbol /x <j A denotes that fi < X and that there is no partition /y h n satisfying 
(i < v < A. Therefore we can write 

/ihn, /-(<iA 

For a partition /i satisfying fi <\ A, consider the specialization map y>«. This map yields 

(3.13) M s n)= Yl <Pn{L u /A n (x) 2 ) = (p^/Anix) 2 ). 

v\-n, v<i\ 
Using Lemma 12.141 we can write 

(3.14) c^(L M /A„(x) 2 ) = c^/M A n(x) 2 ) 

where c £ F and is the polynomial (|2.3j) . 
We prepare the next definition and lemma. 



Definition 3.12 (Snake evaluation). For a partition A = (Ai, . . . , A;) of n, we define the special- 
ization ma; 
evaluation. 



ization map : F(yi, . . . ,yi) — > F by yi \— ► q 1 k=l+1 k q l ~ x . We call this specialization the snake 



22 



B. FEIGIN, K. HASHIZUME, A. HOSHINO, J. SHIRAISHI AND S. YANAGIDA 



Lemma 3.13. For any n = (/xi, . . . , m) h n we have the following. 

(1) o ¥n{S n ) = 0. 

(2) ^(C M ) + 0. 

The proof of the lemma will be given afterwards. By the equation (|3.14p and the lemma, we 
have c = 0, meaning that (p^(S n ) = from (|3.13p . Since \x was freely chosen from those partitions 
v such that v <\ A, we have completed the induction step. □ 

Remark 3.14. We can give a diagrammatic explanation of the snake evaluation. First note that 
the composition o ip x : F(xi, . . . , x n ) — » F can be written as 



ip\o(p x (f(xi,... ,x n )) = f{q\ 



(A ! -l)+-+(A 2 -l) 



( Ai -l)+...+(A 3 -l) 
Ql <?2, 



(A,-l)+«.+A a 
Ql > 

(A i -l)+-+A 3 
Ql Q2, 



qH~\ 

Q\Q l 2 \ 



^(A,-l)+...+(Ai-l) j 

(A,-i)+...+(Aa-l)' 
Ql Q2, 

(A,-1)+(A,_ X -1) J-l 

9i 9 2 )• 



Consider the partition A = (4, 4, 2, 1, 1, 1) (Figure [2]). 



Figure 2. The Young diagram for (4, 4, 2, 1, 1, 1) 

Then make a border strip (i.e. connected skew young diagram containing no 2 x 2 block of squares 
[Ml I §1, pp.5]) by shifting each row of the diagram of A (Figure E]). 



Figure 3. The border strip made from the diagram for (4,4, 2, 1, 1, 1) 

Now we assign to each diagram a monomial q\q 2 so that i increases if one reads the boxes rightward 
and that j increases if one reads downward (Figure S]). 

Proof of Lemma \3.13l (1) By the definition of the function e r and Remark 13 .141 we find that there 
are two non- vanishing terms occurring in tp^ o ip^(S n ) as 

n—l+1 



(3.15) 



VV MSn) = (^i) - 9a" 1 ) (f^l) (e '~ l((?l) * tn-l+i(Q2))(X,Y,z) 

+ (") (Ql' 1 ~ 4) (f^l)" ' * e n -l(Q2))(X,Y, z), 



A COMMUTATIVE ALGEBRA AND MACDONALD POLYNOMIALS 



23 



if 



9? 



9? 



?I 



9192 

ml 



i i 

9J92 



9?92 



4 1 

9192 



Figure 4. The assignment of the monomials for (4, 4, 2, 1, 1, 1) 



where we used the notation 

X := { g (w-l)+-+(w+i -1)^-1 | 1 < i < I - 1}, 

y := {g («-i)+-+(« +1 -i)+i^-i 1 1 < i < | - 1, 1 < j < w _ x } ; 

(See Remark 13.151 as to the diagrammatic explanation.) As for the second term in (j3. 15H . a direct 
computation gives us 

(") iii" 1 - 9 2 ) (^ry) " ' ( e ^i) * e n-K9 2 ))(^, r, z) 

\ n— i 

e l (X,z;q 1 )e n „ l (Y;q 2 ) [] 
A similar result can be derived for the first term in (|3.15p . Thus we only need to show the equation 

(?r i+i - & i ) (^j) n e 2(y,^9 2 ) n »M 

(3.16) yeY xeX 

+ (?r~' - 9 2 ) n e2 ( x ' z; ^) n y ) = °- 

xex yeY 
A straightforward calculation shows that this is correct. 

(2) By the snake evaluation, yj in is replaced by q^ 1 ^ 1 1 )_ We on }y neec [ to check 

that each factor in does not become zero after the snake evaluation. Checking is elementary, 
and we omit it. □ 

Remark 3.15. The variables in X are located at the leftmost boxes of the rows in the border 
diagram. The example A = (4,4,2, 1, 1) is given in Figure [5j 

Recall we have the following relation between the elementary symmetric functions e n (x)'s and 
the g n (x;q,t)'s. 

Lemma 3.16. For n G N + we have 

n 

(3.17) £(-!)*(! " q k t n - k )e n ~ k {x)g k {x- q, t) = 0. 

k=0 



2-1 
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: z 



Figure 5. Snake evaluation for (4, 4, 2, 1, 1, 1) 



Proof. Introduce generating functions as 



(3.18) G(y):=J29n(x;q,t)y n = exv(Y,~ T - -p n {x)y n ) =\{ 



1 1 - t r - 



{txjy,q) c 

\ (a*y;?) 



(3.19) E{y) := £ e n (x; q, t)y n = u q , t {G{y)) = exp ( £ ( ^ p n (x)y" ) = J^ 1 + x iy ). 

n>0 \i>l 

Hence we have E(y)G(—y) = E(ty)G(—qy), indicating the conclusion. 



n-l 



i>l 



□ 



Remark that by using (|3.17j) . we can uniquely express <? r as a polynomial in e s 's and vice versa. 
Proposition 3.17. We have 

G r (q,t)P\(x;q,t) = g r (s X ;q,t)P\(x;q,t). 



Proof. Using the Wronski relation for the operators (|3,10p . we can uniquely express G r as a poly- 
nomial in E s 's, just in the same manner for g r . Hence the eigenvalues of G r must be g r (s x ). □ 

Remark 3.18. We can introduce a difference operator G^ acting on A n j, and define the limit 
G r := lim ^ Gr as was done for E r in Proposition 13.31 Then we can show that the free field 
realization of G r is G r . This will be treated in §§ 13,71 

3.5. Triangularity and the proof of Theorems 11.10 1 and [TTT91 

Lemma 3.19. The Macdonald symmetric function P\(x;q,t) has a triangular expansion with 
respect to the bases (e\) and (g\). Precisely, it can be written as 

P\(x;q,t) = ^c 3 ^ (q,i)g lx (x;q,t), P\(x;q,t) = ^ c e x ^ P (q, t)e M (x), 
with ci; P , d£ p G F and c^ P + 0, c^ p + 0. 

Proof. As to the first statement, see |S2i Lemma 8.1]. For the second one, we apply the automor- 
phism uj q j (|3.4p to the expansion P\(x; q, t) = J2fi>\ C A/T (?> ^)9^i x 'i By P-5p . we obtain 

Q\'(x;t,q) = (g,i)e M (x). 

Rewriting Q\/ = b\>P\> and changing the notation jj, and A, we have the equation 

P\{x;t,q) = ^2 b x{t,qr 1 c 9 x 7j l P (q,t)e fl (x). 

Hence the second conclusion holds if one sets c e ^ p (q, t) := b\(q, t)~ l c 9 \^ J P (t, q). □ 
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Proof of Theorems [7773 and \1.19l First we will construct a non-zero element fx in A x q ^ f] A x ) . 
By Lemma l3.19[ we can write 

(3.20) Px(x;q,t) = £ c e x ~; p (q,t)e^x) = £ t*£ p (q, t) 9fl (x; q, t). 

Then we define the elements f^ \z), f\\z) E A n by 

(3.21) 



^A ^ ii W ! 



By Proposition [27201 (2) we find that 

(3.22) f^eA^, f®eA®. 

On the other hand, Propositions 13.61 13.171 and (|3.20l) yield 

0{ff V) )P» = 0(/f )P„ = Pa^,^ 

for any partition \i. Since the family (P M ) is a basis of T = Af, we should have 0(f x ^) = O(f^). 
Then by Proposition dTJSl /jf"^ = holds. Thus we can define 

f ._ f (9 _1 ) _ At) 
jx ■— J\ — J \ ■ 

Then from (pT22j) we have fx € .A^^ n .4$. 

Now we shall prove dim(A x q ) n^) = l- Suppose that f' x is an element of A x 9 ^ n 4$. By 
Proposition 12.201 we have 

/; € F[e M (*; g" 1 ) | /x > A'] f| F[e^; t) | /i > A]. 
Then the triangular decomposition (|3.2ip yields 

/iGF[/ M |^<A]f|F[/ M | M >A] 
Therefore must be proportional to fx- □ 

We also note the following remark. 
Corollary 3.20. The family (/A)Ahn forms a basis of A n . 

3.6. Vertex operator £(z) and the Ding-Iohara algebra U(q,t). Before closing this section, 
we continue our study on the vertex operator 77(2) by applying a quantum group technique. Our 
goal in this subsection is to identify r/(z) as the level one representation of the Ding-Iohara algebra 
U(q,t). (See Appendix S) 
Set 

(1 — t~ n \ I 1 — t n \ 

~ E -^^(t/q) n/2 a-nz n exp PT -^-{t/q) n l 2 a n z- n , 
n>0 71 J \n>0 n J 

and consider its Fourier expansion £(z) = ^nez£« z ~ n - 
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Lemma 3.21. We have 

fn nA \ ft w \ {1 — w / z)(l — q~Hw / z) rl w , 

(3 - 24) ^ {w) = (i-XmH-J/z) ■ ^ {w) : ' 

/ \ , , (l-q-VH-^w/zMl-q^H^w/z) , ^, s 

„ , . , (1 - g- 1 ' 2 t- 1 ' 2 z/w)(l - qVV^z/w) ,, . , . 

: ((yWq^t-Wy) : 1 = T^^fr^y) ■ 1. 
The equation (|3.24p gives the operator-valued symmetric Laurent series 



g-HCl - z 2 / Zl ) 2 (l- Zl /z 2 ) 2 



: ^z 2 )i{ Zl ) : . 



(1 - q- 1 z 2 /z 1 )(l - tz 2 /zx) (1 - q- 1 z 1 /z 2 ){l - tz X /z 2 ) 

Hence we can define the commutative ring Ad' := {0(f; q -1 , i _1 ) | / G .4} by the same argument 
we had for A4. It is clearly seen from the formula 

CoHvi) ■ • • 0(zVn) • 1 = (1 - t^Dljq- 1 ^- 1 )^) ■ • • <f>(y n ) • 1 + t^yt) ■ • • <f,(y n ) • 1, 

that the vertex operator £(z) provides us with the free field realization of the Macdonald operators 
of type (q^ 1 , t^ 1 ). Recall the property of the Macdonald symmetric function P\(x;q,t) = 
P\(x;q ,t ) [Ml (VI. 4. 13) (iv)]. This indicates the commutativity of the Macdonald difference 
operators [D r n (q, t), D s n (q~\ t^ 1 )] = 0. 

Proposition 3.22. Let / G M and g G M' . Then [f,g] = 0. 
Proof. Prom (|3.25p and (|3.26p . we have 

[v(*),tW] = (1 V- K(Vg)" 1/2 ^)y + ((Vg) 1/4 ^) - Siit/q^zMtp-iit/qy^w)] , 

where S(z) := J2nez zU ^ s * ne formal delta function and 

(1 -i-n \ 
n>0 / neN 



(3.28) <p-(z) := exp ( + £ ^— ^— (1 - t n q- n ){t/q)- n '^ n z n ) = ^ 



n 

n>0 / neN 



Then [r?o>£o] = ] Zx (Vq — ) = holds since = (p =1. Thus £o is diagonalized 



(l -gXi- t- 1 ), 

1 - qt~ 

by the basis (P\(x; q,t)) since the eigenvalues are distinct. Hence all the operators in M! are 
simultaneously diagonalized by the same basis. □ 



Hereby we have obtained four vertex operators rj(z), £,(z), (p + (z) and ip~(z). One finds that they 
satisfy the relations of the Drinfeld generators of the Ding-Iohara algebra. Recall that the Ding- 
Iohara algebra gives us a generalization of the quantum affine algebra which has a function g(z) 
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depending on deformation parameters whenever we have g{z) = g(z~ 1 )~ 1 . For our purpose we need 
to set 

indicating that the corresponding Ding-Iohara algebra has two parameters q and t. We denote this 
particular case of the Ding-Iohara algebra by U(q,t). For the sake of the readers' convenience, the 
definition and the basic properties of the Ding and Iohara algebra, including the Drinfeld coproduct 
A, the antipode a and the counit e, are summarized in the beginning of Appendix lAl 

One can construct two kinds of representations, one acting on the space of Laurent polynomials 
V x = Q(q 1/2 , t 1/2 )[x, x' 1 } and the other on the Fock space T. We denote the former by tt x (-) and the 
latter by />(•). Then one can introduce the intertwining operator $y- ^ : V x (£> T —> T determined 
by the property $y ( g l ^-A(a) = a$y ^-p for any a£W. As for the detail, see Proposition IA.9I 

It is tempting to study the meaning of Qy^-p in terms of the Macdonald theory. Set 

(11 — t n \ ( 11— t n \ 

E nT^^-^ 11 6XP " D ni^^ n • 
n>0 y / \ n>0 y / 

From Proposition IA.91 <3?(y) := Q(q l / 2 y) is nothing but the generating function of the intertwining 
operator $y ^^r. The shift q 1 ! 2 is introduced just for simplicity of display. An easy calculation 
gives us the following. 

Proposition 3.23. We have 

„(„5 (91 ) ■ ■ ■ 5 eg = r" f[ fl^ML^Slito, . . . ife „ )ljW 

2 — 1 j — 1 

*(yi)-"*(*o= n ( l!^ )o ° : ^)---^) - 

■ • • • *(j/n) : • i = <K*~V) • • • 7r(* _1 yn) • i. 

From this we recover 

7700(2/1) • • • <f>(y n ) • 1 = t~ n Hvi) • • • <t>(yn) • 1 + (1 - r 1 )r n+1 J D^0(yi) • • • 0(y n ) • 1, 
which is the simplest equation of our construction in this section. 

3.7. Appendix: Remarks on the calculation in this section. 

3.7.1. Direct calculation of G r . We use the following proposition due to M. Noumi [N] , 
Proposition 3.24 (Noumi). Set 

r l ._ XT { TT Q Ui Xi ~ <f 3x j\ ( TT {txj/x j ;q) l 



n 



(3.30 n ™ ng^f nv 

Then the operator fl^'s act on A nj p and if^ G ^[Aa> ■ ■ ■ ■> D™]. Moreover we have 

H l n P x (x; q, t) = gl n) (t n s$, t n s^; q, t)P x (x; q, t) 
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for any partition A such that £(X) < n, where g\ (s\, . . . , s n ;q,t) is defined by the generating 
function 



l>0 V m>l y i=l 



s?y m 



and := t l q Xi for i = 1, . . . , n. 
Proposition 3.25. Set 



For any partition A such that £(A) < n, we have 

G^Afi;?,*) =g r (s x )P x (x;q,t), 

where P\(x;q,t) € A nj F denotes the Macdonald symmetric polynomial, and g r (x) € is the 
symmetric function defined in A3. 18H . and s x = (t~ 1 q Xl ,t~ 2 q X2 , . . .). Hence the inductive limit 
G r := lhn exists. The operator G r given in (|3.9|) is a free field representation of G r , namely 

we have G n P\(x;q,t) = G r P\(x;q,t) for any partition A. 

Proof. As in the proof of Proposition 13.61 we compute G r <p y ■ 1, where <p y := 4>(yi) • ■ ■ <j>{y n )- Noting 
that 

^ II e2 (=„ 2j; ,)-'= Sym ( n ^£4). 



l<i<j'<r 



one finds that 



Gy^j, • 1 



(-l) r g(s) 
(?;g)r 

(-l) r g® 



— — j—:ri(z 1 ) ■ ■ ■ 7]{z r ) : (Py ■ I 

Ci<i<r 1 

1111 1 -tyjzj V 11 1-qZi/Zi 

7=1 i=l y *' 7 V l<i<i<r ' ' ' 



02/ :77(zi)---77(^) : -1 



Extending the last integral, we introduce 

1 - yi/q^zj 



7=?(a0 



nnT 



n i 



1 - Zj/Zj 



02/ : 77(21) • ' * f]i^r) : • 1 



Vj=li=l -»•/• J / M<i<j<r 

with /j = (7x1, . . . , // n ) £ N n . We also generalize the operator H l n to 



\u\=l 



n 



{tqHyi/yj\q) Vi 



n T Vi 



Here we denoted |z/| := 1^1 + ■ ■ ■ + v n for z/ € N n . Then the conclusion corresponds to the special 
case fjL = (0, 0, . . . , 0) of the next proposition. □ 



Proposition 3.26. We have 
77(1') _ t 



r\ii\ 



^(-l)^-a)g-'(-O ( ,-W;^^M0 y .l. 



1=0 
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Proof. Executing the integral, we have 

k 

Here we defined e k := (0, . . . , 0, 1, 0, . . . , 0). The induction hypothesis on r yields 



1 „(r-l)(H+l) Z_> 
1 1=0 



t -{r-l)n r- 1 



■g>-^)(n^)^ 

■ — — — 1^7?,^ 



We now define 

for ^ = (z^i, . . . , z/ n ) 6 N n . Then one obtains 



- 2^ n - 11 J ^-Z^ 111 q m yi -y k I v 11 

|i/|=i i=l |H=' ' i^fc 7 i=l 

One can also find that 



"u+e k 



l- Q U k + l \1L Q U k y k _ q U iy . q U k + ly k _y. 



h M = 1 ~ q^ +Uk t f jj q Uk+1 y k ~ q Vi yi q^ +Uk ty k - Vi \ ^ 
H+k 

r 1 -i Vk+1 fri q^tyi - yk yk-q Vi yi \ T 



Thus the first part of (I3.31J becomes 



2-, q , kt Ul l _y i /y k 

(3.32) k=l n 



At the last equality we used the relation 



fe=l N^fc 

which is obtained by specializing z = in the next partial fraction expansion. 



tt f ~ g i/j = i 1 ~ q )yk i tt yfc - </ \ 1 

fi yfc-y, ; 
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Using (|3.32p . we can compute (|3.3ip as 

A direct calculation shows that the coefficient of H 1 ^' 1 (f) y ■ 1 sums up to the desired one. □ 

3.7.2. Remark on the eigenvalues. We make a comment on a property of the eigenvalues e r (s x ) and 
g r (s x ;q,t) of the operators E r and G r . 

Lemma 3.27. For a partition A h n, define the spectral parameter s x (q,t) by 

s A (g, t) := gV 5 = (g Al r\ g Aa r 2 , . . .). 

Then 

er^Ct" 1 ,?- 1 )) = (-ir 5r ( S A 'M);g,t). 
Proof. Using the generating functions (|3.18p and (13.191) . we can compute easily as 

, m, -n- {q x ' i t~ i+1 u\ q) . v . -n- (q X ' i+1 t^u; q) 

i>l 

In the last line, the i-th term is 1 unless A^ > A^ +1 . If we denote the parts of A and A' as 

A= (Ai,...,A,) = K 1 ,...,™^), A'= (Ai,...,A;,), 
then the condition A^ > X' i+1 implies that i = rij for some j and that X' n . — A^ . +1 = nij. Thus 

^ 9r (s X '(q,t);q,ty = (qKu;q)Jt-^u;q) mj JJ( g »*i+"^-it^ n; q) m . 

r>0 j=2 

Careful consideration yields 

Y,9r{s X \q,t);q,t)u r = {q X 'iu-q)^Yl(l - qH- x >u) = 

r>0 i=l »>1 ^ 

= ^e r (, A (t- 1 ,g- 1 ))( 



r>0 



□ 



4. Elliptic algebras «4.(p) and M(p) 



The goal of this section is to introduce an elliptic counterpart M (p) of the commutative algebra 
of operators Ai, by using the algebra A(p) and the elliptic analogue U(q,t,pq~ l t) of the Ding-Iohara 
algebra. 

In §§ 14. II we summarize the properties of the elliptic counterpart A(p) = A(q\,q2,q3,p) of the 
algebra A(qi, q2, Q3) over CP 1 , recalling the original definition given in |FOj . 

As for the free field side, we introduce a quasi-bialgebra U(q,t,pq~ l t) in the sense of Drinfeld 
[D] and Babelon-Bernard-Billey [BBBJ. In its construction, summarized in the appendix, we twist 
the Drinfeld coproduct A (see Proposition IA.2() into a p-depending one A p9 -i f (see Proposition 
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IA.13I) by applying the twistor F(pq~ l t) (see Definition IA.12R . Then we define the dressed Drinfeld 
generators i](z,pq~ 1 t),£(z,pq~ 1 t),(p ziz (z,pq'~ 1 t) as in Definition IA.111 which satisfy the relations in 
Proposition IA.141 Note that here we have used the deformation parameter pq~ l t instead of p, to 
have the same elliptic nome p for A(p) appearing in our formulas. 

4.1. Commuting elliptic algebra A(p). From now on, we regard q\ = q^ 1 , q2 = t and p as 
complex parameters satisfying the conditions \q\ < 1, < 1, \p\ < 1, < 1 and q l Pp k ^ 

1 for any k) £Z 3 \ {(0, 0, 0)}. Set q% := l/qiq 2 . We use the notation for the theta function 

@p(x) := (p;p)oo(x;p) 00 (p/x;p) 00 , 

written in the multiplicative notation. It enjoys the quasi periodicity Q p {e 2n ^~^x) = @ p (x) and 
p (px) = — x~ 1 Q p (x). 

Definition 4.1 (Space A(p)). For n E N, the vector space A n (p) = A n (qi,q 2 ,q3,p) is defined by 
the following conditions (i), (ii) and (iii). 

(i) Ao(p) :=C. For n > 1, f(x\, . . . , x n ) £ A n (p) is a symmetric meromorphic function over C x sat- 
isfying the double periodicity f(xi, . . . ,e 27rv/3T Xj, . .. ,x n ) = f(x 1 , . . . ,px i: ...,x n ) = f(xi, ...,x n ) 
for any i. 

(ii) The poles of / € A n (p) are located only on the diagonal {(xi, . . . ,x n ) \ 3(i,j),i ^ j,Xi = Xj} 
modulo p-shifts, and the orders of the poles are at most two. 

(iii) For n > 3, / € A n {p) satisfies the wheel conditions 

f(xi,qixi,qiq 2 xi,xi,...) = 0, f(x 1 , q 2 xi, <7i<? 2 £i, ^4, • • •) = 0. 
Then set the graded vector space A(p) = A(qi, q%, q?,,p) := (§) n >oA n (p). 

Introduce the star product * on A(p) by the equation (|1 .2)) . while replacing the structure function 
u by 

lA ,s , , Q P {qiy/x)Qp{q 2 v/x)Qp{q- i y/x) 
(4-1) u(x,y;qi,q 2 ,q 3 ,p) := 



e p (y/x)3 

Proposition 4.2. (A(p),*) is a commutative algebra having a basis (e\(x;qi,p)), where 
e\-=e Xl *--- *e Xl (A = (Ai,... ,A;)), 

, n _ TT OpiqiXj/x^QpiXj/qiXk) 

£n\ x l j • • • j X n , qi,P) ■ — II _ , , , 9 

l<j<k<n PK ■>' K> 

Proof. One can immediately find that the space A(p) is closed by the star product *. Hence we can 
directly proceed to the argument of the Gordon filtration for the study of the dimension of A n (p). 
Since the Gordon filtration is defined just by using the zero conditions, analogues of Definition 11.71 
Lemma \2. 141 Propositions 12.191 and 12.201 for A(p) hold. Hence (e\(x; qi,p)) forms a basis of A(p). 
The commutativity of A{p) can be proved in the same way as in Proposition 12.211 for A. □ 

Using the same technique for the proof of Proposition 13.111 one can show the following elliptic 
analogue of the Wronski relation (13. lip . 

Proposition 4.3 (Elliptic Wronski relation). For n € N+, we have 

(^k) <S>p ^ k ' 1 (" e^l/gl) ) ^-k^ 1 ' • • • i x n-k;qi,p) * e k (x n - k+1 ,.. .,x n ;q 2 ,p) = 0. 
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4.2. Elliptic current r/(z;pg _1 t). Let rj(z;pq~ 1 t) be the vertex operator given in (1A.7I) . with p 
replaced by pq~ l t. Explicitly, it is written as 

(4.2) r](z;pq~ l t) = exp I V "- — ^—^-——a- n z n I exp 





Lemma 4.4. We have 

r\{z\ pq~ t)rj(w; pq~ l t) 



i Atf w z;p) 00 {ptw/z;p) 00 {pq l w/z;p)oc . _ x . . _ x . 

(l-w z)- —:r]{z;pq t)r]{w;pq t) : 

{qw/zipjcott L w/z;p) 0O (pq Hw z^p)^ 



From this lemma, we have the operator product 
1 



-r](zi;pq 1 t)r](z 2 ;pq 1 t) 



uj(z 1 ,z 2 ;q 1 ,t,qt 1 ,p) 

^ qt~ 1 {z 2 /zi ; p) 2 00 (pz 2 /zi ; p)^ 

(qz 2 /zi ; p)oo (t- 1 z 2 /zi ; P)oo (pq~ 1 tz 2 / z 1 ;p) OQ 

x (z 1 /z 2 ;p)l {pz 1 /z 2 ;p) 00 _ # TO -U W _ . va -U) . 

{qz 1 /z 2 ;p) 00 (t L Zx/z 2 ;p)ooipq ^l/^JPjoo 

which we will regard as a symmetric Laurent series defined on the annulus M < | .82/21 1 < M , 
where M := max(|q|, \t~ |, < 1. 

Introduce a mapping C p (-) defined on A n (p) by 



f(z±, . . . , Z n ) _i _j . 

= _i , ,_i s V{zi,PQ t)---rj{z n ;pq t) 



and extend it by linearity. Then the compatibility 

O p (/*5)=O p (/)O p (5) 

holds for /, 5 G ^4(p). 

Set M.(p) := {O p (/) I / £ »4.(p)}- The commutativity of the algebra A(p) is inherited to A4(p). 

Theorem 4.5. A4(p) is a family of commutative operators acting on the Fock space T . 

Remark 4.6. Note that operators in M(p) are acting on the same Fock space as in the case of the 
Macdonald operators Ai. One can check that / E M(p) and g £ M. do not commute in general. 
By explicit calculation, one finds that the eigenvalues of the operators in M(p) in general can not 
be written as rational functions in parameters q, t and p in contrast to the Macdonald case. See 
Conjecture 14.111 below. At present, we do not know whether the mapping O p (-) is injective or not. 
(As for the Macdonald case, see Proposition 11.181 ) 

4.3. Intertwining operator <&(y;pq~ l t) and the Ruijsenaars difference operator. In this 
subsection, we consider an elliptic analogue of Proposition 13.231 in 
Set 

' "- ■■■ 1 exp - > -q n a n y 



*(y; pq-H) := exp ^ ± 1 „ 1 V 
\ n 1 — q n 1 — v n 



...... - p" 

,n>0 ' 1 




From (|A.8p . we have <3?(y;p) = Q(q l / 2 y;p), where <&(y;p) denotes the generating function of the 
intertwining operator $y ^(p) '■ Vx^F — > J 7 with respect to the elliptic algebra U{q, t,p) described 
in Proposition IA.171 

The elliptic analogue of Proposition 13.231 is given as follows. 
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Proposition 4.7. We have 

r]{z;pq~ l tj${yi\pq~H) ■ ■ ■ §{y n ;pq~ l t) 



+ (!-* 



f = i ® P (qz/yi) %{z/yi) 

c 



c 



i-1 



6 p (gt V2/7) Q p (tz/yj) 



. , i= J ® P (qz/vj) Qp{z/yj) 



•S(Vi/z)T qM $(yi)pq H) ■ ■ ■ <S>(y n ;pq H), 



n r (^ 1 yj/yi]q,p) tt (ptyi/y k ,q,p)oo ,, -i,, f. -i.. 



, T(qyj/yi;q,p) 



{m/vk,q,p)z 



Here we have used the notation for the double infinite product (x; q,p)oo '■= Y\i j^jqO- ~ q 1 p^x), and 
the elliptic gamma function T(x;q,p) := (pq/x;q,p) 00 /(x;q,p) 00 . 



Noting that T(qz;q,p) = <d p (z)T(z; q,p), we have the following 
Corollary 4.8. Set 

(ptyi/y k ,g,p)oo .$ ( -i 

for simplicity of display. Then we have 
(4.3) 



Af ^ tt {ptyi/y^q^p)^ (Ul - ln (Tw 

(f){y y n ;p) := ][ /„„ /„, „ ^ : Hvi,PQ t) ■ ■ ■ $(y n ;pq t) :, 



f](z;pq H) 



4>(yi, . . .,y n ;p) = <f>(yi, . . .,y n ;p) 



J i 



t- n ^^U ^pg-h) 



A O p {qz/yi) Q p (z/yi) 



J i 



U,-n+l(p/ t ;P)oo(pt/q;p)oc „i 



(p;p)oo(p/q;p) c 



D ntV (p)<t)(yi,...,yn;p), 



where means the constant term in z, D\ y (p) denotes the Ruijsenaars difference operator 
acting on the variable ?/i's: 



^(p)-eii 

i=i jy« 



®p(yi/yj) 



Remark 4.9. Contrary to the case of p = 0, application of the operator in the first term of RHS 



of (|4.3|) to 1, namely 



n& p (qt l z/yi)ep(tz/ yi ) _, 



1, remains quite nontrivial. This 



Q p (qz/yi) @ p (z/yi) 

prevent us from interpreting 4>(yi, . . . ,y n ;p)-l as a reproduction kernel function for the Ruijsenaars 
difference operator D\ y (p)- 

Remark 4.10. Langmann studied the elliptic Calogero- Sutherland model using the technique of 
the quantum field theory. See [Ll|, IL2j and references therein. He used finite temperature correlation 
functions to introduce the elliptic parameter in his calculation. Corollary 14.81 may be regarded as 
its difference version. However, precise identification between the finite temperature calculation 
and the quasi-Hopf treatment remains unclear. 
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4.4. Conjecture about the eigenvalues of the operator [r)(z]pq~ £)]-,■ Here we briefly dis- 
cuss the eigenvalues of the Ruijsenaars difference operator D^ y (p) and those of [ry(z;pg _1 t)] ± . 
One can regard D^ y^p) as an operator acting on the space of formal Laurent power series y x ■ 
F[[2/2M,y3A/2,-- - ,yn/yn-l,Pyi/y n ,p]}, where y x :=y Xl • • • y Xn (AG C n ). Namely, set 

fx(y,p) --=y x E c u,-,«n(A)(y2/yi) il • • • (yn/yn-iY"' 1 (pyi/y n ) in , 

ii,...,i„6N 

e\(p,n) := ^p fe e Aife (re) 

fceN 

where Ci 1) ... j j n (A), e\^{n) € F(g Al ,--- ,q Xn ). Normalize f\(y,p) as f\(y,p) = y x H by letting 

Ci,...,i = <5i,o> an d set £A,o( n ) = i™" 1 ?^ 1 + t n ~ 2 q x ' 2 + • • • + q Xn . Then we can uniquely determine the 
coefficients Cj x j„(A) and £A,fc( n ) iteratively by perturbation in p and by imposing the eigenvalue 
condition Dl y (p)f x (y,p) = e x (p,n)f x (y,p). 

Consider the case when A is a partition. Since the lowest order term in p in this eigenvalue 
equation should be satisfied by the Macdonald polynomial, we must have f\(y,p) = P\(y; q, t)+0(p) 
and £\(p, n) = Y2i=i t n ~ l q Xi +0{p). The higher order corrections iup can be calculated in principle. 
As an example, for the simplest case A = 0, we have 

(I _ _ t~ n ) 

f$(y, P ) = i +pq~ 1 t y _ -i " a - H -Ui) E w/w + o(A 

l<i^j<n 

„ + l / x l~t~ n , (l- 9 t- 1 )(l-t- n )(l-r n+1 ) ^, ox 

r^ £0 (p,n) = t^pt+PT V i_ g -i t -n+i " + °<P )' 

In general, one may notice that the correction terms depend on n in a nontrivial manner. 
A brute force calculation suggests the following. 

Conjecture 4.11. The eigenvalues of the operator [rj(z; pq~^t)\ on T is given by the eigenvalue of 
the Ruiisenaars difference operator Dl „(p) as lim (1 — t^ 1 ) —r- , ^)°°^ > /^'^°° t~ n+1 e\(p, n) with 

n ' yy 1 ™ {p;p)oo(p/q;p)oo 

A being partitions. 

Remark 4.12. In view of (|4.3|) . this conjecture is equivalent to saying that the unwanted operator 



in (|4.3|) satisfies lim t 



M @ P {qz/yi) ® P {z/yi) 



1 = 0. 



Take the case A = as an example. It is clear that [77(^5 *)]i ' 1 = 1> showing that 1 is an 
eigenvalue. This corresponds to the limit 

r h ^-u ip/^pUipt/qipU ( l-T n _ u (l-qt- 1 )(l-t- n )(l-t- n + 1 ) 2 

lim (1 — t )—, r : — ; r T + VQ t : n h C P 

^oo v ; (p;p)oo(p/q;p)oo \l-t- 1 FH l-q-H-^ 1 ^ 



= l + 0(/). 

4.5. Elliptic bosons and the relation to the Okounkov-Pandharipande operator. In this 
subsection, we claim that the operator of Okounkov-Pandharipande |OPj is derived from our elliptic 
deformation of the Macdonald operator [r)(z,pq~^t)j 1 when we set q = e h ,t = q@ h and consider the 
limit h — > while p being fixed. 

To make our computation simple, we use the Heisenberg algebra with the commutation relation 

. . 1 (l-a m )(l-t- m )(l-v m a- 
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Relating a n with \ n in a suitable manner, we may write the elliptic current rj{z,pq~ l t) as 



rj(z;pq 1 t) =: exp ( ^ \ n z n \ : 

Vn^O / 



7^0 

Recall the conventional normalization for the boson a n for the Virasoro algebra 
Setting 



n Ira' 



1 / (l-q\ n \)(l-t-\ n \)(l-p\ n \q-\ n k\ n \) 



1 -p\ n \ 



we have 



+ g ( 4 (2 - 3/3 + 2/3 2 )/^ - 3|^£(1 - /?) 2 /? 1/2 ) ^ + 0(tf ) 

Then the operator \r](z;pq t)\ , which has appeared several times in our arguments, has the next 
expansion in h. 



Proposition 4.13. We have 

[v(z;pg~ l t)] x =1 + pJ2 ^anh 2 + Ui -P)J2 '^y^ 



n 1 + p n _ _ 



n>l 



n>l 



/3 3 / 2 ^ . 

H 2_^i [ a -n a n a n+m + a - 

n,m>l 



n — m (l n CL m 



h 3 + o(h 4 



With a suitable change of the notations for the parameters, we notice that the third term coincides 
with the operator M(g, ti, £2) of Okounkov and Pandharipande in |UPj . Hence this suggests that 
the quasi-Hopf twisting of the Ding-Iohara algebra U{q, t,pq~ l t) might be relevant to the quantum 
cohomology. 

Appendix A. Ding-Iohara's quantum algebra 

This appendix deals with the Ding-Iohara quantum algebra |DI| . Restricting ourselves to a 
particular case, which we denote by U(q, t ) , we study its representation theories and their connection 
with the results in the main text. 

A.l. Definition oiU{q,t). Set 

g(z) ■= G ± {z) := (1 - q ±l z){l - t^z)(l - q^t ±l z). 

Note that g(z) satisfies the Ding-Iohara requirement g(z) = g(z~ 1 )^ 1 . 

Definition A.l (Ding-Iohara). Let U = U(q,t) be a unital associative algebra generated by the 
Drinfeld currents 

and the central element 7 ±1//2 , satisfying the defining relations 
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^ +(Z)fW = lp|) fW+(4 

i/; + (z)x ± (w) = g(j Tl/2 w/z) Tl x ± (w)^ + (z), 
^-(z)x ± (w) = g(~f Tl/2 z/w) ±1 x ± (w)^~{z), 

[x + (z),x'(w)} = (1 ~ g ^ 7 — (s^z/w^+^w) - 5^z/w^-(j- 1/2 w) ) , 



Antipode a: 



1-q/t 

x ± (z)x ± (w) = g(z/w) ±1 x ± (w)x ± (z). 

Proposition A. 2 (Ding-Iohara). The algebra U has a Hopf algebra structure defined by the 
following morphisms. 
Coproduct A: 

A(7 ±l/2 )=7 ±l/2 07 ±l/2 ) 

A(x + (z)) = x + (z) ® 1 + V'"(7( 1 1 / ) 2 ^) ® x + { 1{1) z), 
A(x-(z)) = x-{ 1{2) z)®^ + {^z) + 1® x~(z), 
Aty±(z)) = ^(lf 2 ] /2 z) ® ^inf^z), 

where = 7 ±1//2 <8> 1 and l^) 2 = ^ ® 7 ±1//2 - 

Counit e: 

e( 7 ±1/2 ) = l, £ (V ± W) = 1, e(x ± (z))=0. 

o(7 ±l/2 )=7T l/ 2) 

a(x + (z)) = -^-(7- 1/2 z)* 1 x+( 7 - 1 z), 
a(aT(z)) = -x-( 7 - 1 z)V + (7" 1/2 2)" 1 , 
a(^ ± W) = ^ ± (z)- 1 . 

Remark A. 3. The A is usually called the Drinfeld coproduct. Strictly speaking, this set of 
morphisms does not define a Hopf algebra, since it gives rise to infinite sums. 

For later purpose, we introduce the Heisenberg generator b n as follows. 

Lemma A. 4. Define b n (n € Z \ {0}) by 

^ + {z) = V>+exp (+Y^b nl n / 2 z-A , *p-(z) = V -exp ( -^6_ n7 n/ V] • 

V n>0 / V n>0 / 

Then we have 

[bm, = 1(1 - ^ m )(l - t m )(l - 0~ m )(7 m " 7" m )7" |m '5 m+ n,0, 

and the coproduct for 6„ reads 

A(6„) = 6„® 7( " 2 l n| + l<8)6 n . 
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A. 2. Level zero and level one representations of U(q,t). We can construct two kinds of 
representations of U. One is realized on the space of Laurent polynomials Q(q ,1 Z 2 , t 1//2 )[x, and 
the other is on the Fock space T. We denote the former by 7r x (-) and the latter by p(-). 

Proposition A. 5. We have a representation n x (-) oiU{q,t) on V x :=Q(9 1 ^ 2 , t l l 2 )[x, x _1 ] by setting 

^(7 ±1/2 ) = 1, 

'.<* + w> = ( \r 1 ?/w / u 1 (1 'C/t ) = 1 + Ed - */*><! - o^V-'^r, 

(1 — q 1 ' 2 x/z)(l — q i ' 2 x/z) 1 — q 

'■(^W) = ir^f = 1 + Ed - »/oa - *)^V"^/*r, 

(1 — q 1 / z z/x)(l — q L / jS z/x) f-^ 1 — q 

^(z)) = c ±l (l - t^)5(q^ 2 x/z)T q ^ !X , 

where c £ Q(g 1 / 2 , f 1 / 2 ) x . Here we have used the g-shift operator T„±i x f(x) = f{q^ l x). 

Proposition A. 6. Let f) be the Heisenberg algebra generated by a n with the relations (|1.6p . 
and .F be the corresponding Fock space. Let Tj(z), £(z), <p + (z) and (p~~(z) be the vertex operators 
given in (|1.7|) . (|3.23|) . (|3.27p and (|3.28j) . Then we have a representation p(-) of U(q,t) on T by 

setting /o(7 ±1//2 ) = (t/<2 , ) ±1/ ' 4 ! K^O^)) = V ?± (- z )) = C7 7( z ) an d P( x ~( z )) = crl i{ z )i where 

c€Q(g 1 / 2 ,t 1 /2)x_ 



Remark A. 7. We have identified the Heisenberg generators a n in (II. 6p and fe n introduced in 
Lemma IA.4I by 

1 — t n 1 — f~ n 

&n = (l-t n q- n )(t/q)- n / 2 a n , 6„ n = (1 - t n q~ n ){t / q )- n l 2 a^ n (n > 0). 

n n 

When we need to show the dependence of 7r x (-) on c, we denote it by tt x ,c('), or more simply 
denote the space by V XjC . Similarly we use the notations p c (-) and T c for the Fock representation. 

For simplicity we call a representation of level k, if the central element 7 is realized by the 
constant (t/q) k ^ 2 . In this terminology ir x (-) is of level zero, and p(-) is a level one representation. 

A. 3. Intertwining operator Qy^p. In this subsection, we study the following intertwining op- 
erator Qy^jr : V x ^ a ® —*■ which is subject to the condition $y 8 jrA(a) = a<&y ^ for any 
a € U(q,t). We introduce the components $ n of $y ^-p by ^y^ :F {x n ®v) := <& n v (v E T). Set the 
generating function as &(y) = Enez^"^' 1 ' 

Proposition A. 8. The intertwining property for $y : 14 jQ ® — > .F-y reads 

(A ,, (l - gl/ ?;Yf' (1 - w «t/«)--N - ^)*«, 

(1 - qy 2 y/z)(l - g V^/z) 

(1 - q Y l l zly){\ - q 1 l 2 z/y) 

(A.3) a(l - r W^l/AWw) + ^ ~ ^V)'^ " C 7T^ = 

(1 - q l / z z/y){l - q L ' 2 z/y) 

(A.4) a-\l - t)6(t- x / 2 y/zW q - x y)<p + ((t/q)V 4 z) + /T^GOCC*) = j-^Mv). 

Proof. Note that we have $y ^■ F (S(x/y) l Siv) = $(y)v from the definition of the generating function. 
Writing A(a) = Yli a i 53 &i f° r a £ U(q,t), we have 
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from the intertwining property. Setting a = x + (z), we can compute LHS as 

^wfW 1 " t~ l )5{q- l ' 2 x/z)T q - Kx 5{x/y) ®^) + <S>^(tt x ^~ {z))5{x/y) ® V (z)v 
= q(1 - t- l )5{q l ' 2 y/z)^M(x/qy) ® i> 



(l-qVH^z/yKl-q-VHz/y) 



(l-q^z/y)(l-q-^z/y) 
which indicates (IA.3D , The rest can be shown in the same manner. □ 

Proposition A. 9. When = 7 and (3 = i _1 7, the intertwining operator $y- ^ uniquely exists 
up to normalization, and whose generating function <&(y) is realized as 

1 1 - t n 



(A.5) 



*{y) = exp iJ2 -Y^ qnlH ' na ~ nyn 6XP 



, n>0 



n>0 



Proof. By using (|A. 1[) and (|A.2p . one finds that &{y) must be proportional to the operator in (|A.5|) 
if it exists. Examining the operator products, we can check that both (fOJ) and (|A~4|l are fulfilled 
if and only if we have = 7 and = t~ 1 ^. □ 

A. 4. Tensor representation it Xl ®- ■ •®vr a;n and the Macdonald difference operator D r n . Let 
n be a positive integer and consider the n-fold tensor space V Xl ® • • ■ <8> . Using the coproduct, we 
define the representation of U(q, t) via the composition ir Xl ® • • • ® 7^,, A( n )(-), where A^ n ) is induc- 
tively defined to be A^ 2 ) :=A and A^ n ) :=(id®- ■ -(g)id® A)oA( n_1 ). We set the parameter c _1 on the 
z-th tensor component by c~ 1 :=t n ~' 1 , namely we set 7r Xi (x^(z)) :=i =Fn:ti (l — t^ 1 )8(q^ 1 ^ 2 x/ z)T c 



Proposition A. 10. For any integer 1 < r < n, we have 



e r (z;q) 



III 



<i<j<r 



u(zi,Zj;q,t 1 ,q x t) 



7T, 



•7T Xn A^(x~(z l )---X~(z r )) 



(1 - t) r r\ 
= 9D r n g-\ 

where D T n denotes the Macdonald difference operator in (13. ip . the symbol [ • • • ] 1 denotes the constant 
term in Zj's, uj(x,y\q~ l ,t,qt~ l ) is the structure function for A, e r (z;q) G A r as in Definition 
12.151 and g is defined by 

(qr 1 Xj/x i ;q) 00 



g = g(x 1 ,...,x n ) :-- 



n 



l<i<j'<n 



(qxj/xi;q) c 



A.5. Quasi-Hopf twisting. Now we turn to the elliptic deformation of U(q,t). As for the no- 
tation, we closely follow the one in [JKO S2J. Recall the Heisenberg generator b n introduced in 
Lemma IA.41 



Definition A. 11. Set u^fap) € U(q,t) by 



u + (z;p) := exp 
and set further 



n>0 



~(z;p) :=exp I + 



n>0 



p" 



;b n Z- n 



x + (z;p) 
x~(z;p) 



u + (z;p)x + (z), 
x~(z)u~(z;p), 

: n + ( 7 ±1/2 z; p)^ {z)vT (j Tl/2 z; p) . 



(A.6) F( P ) == exp g _ _ — _ > _ t „ 8 6_„ 
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One finds that the dressed Drinfeld currents x (z; p),ip (z; p) € U(q, t) enjoy elliptic permutation 
relations. For x + (z) and x + (w), we have 

®P7~ 2 (<7 _ 1 z/w) Qjyy-2 (tz/w) @jry~2 (qt~ 1 Z / w) X + (z)x + (w) 

= —(z/w) 3 Q ]r y-2(q~ 1 w/z)Q pj -2 (tw/z)Q pj -2 (qt~ 1 w/ z)x + (w)x + (z). 

Recall the elliptic structure function to in ()4. If) . The above relation indicates that 

to Oi , z 2 ; q~ 1 , t , qt ~ 1 , p-y~ 2 ) ~ 1 x + (zi ) x + (z 2 ) 

gives us a symmetric Laurent series in z\ and z%. By the same argument as in the main text, we 
can construct, at least formally, a family of commutative elements in U(q,t), depending on p. 

Definition A. 12. We define the twistor F(p) by 

^ (1 - <r«)(l - t»)(l - qn-n)(l-pn 7 -^y 

Proposition A. 13. (1) The twistor F{p) is invertible, and satisfies 

(e ® id) F(p) = (id <g) e)F(p) = 1. 
Hence t), A p , e, $) is a quasi-bialgebra, where we set 
A p (a) := F(p) ■ A(a) ■ F(p)-\ 

$ := (F( 23 )(p)(id ® A)F(p)) • (F( 12 )(p)(A ® id)F(p))^ 1 . 

We denote the resulting quasi-bialgebra by U(q,t,p). 
(2) -F(p) satisfies the shifted cocycle condition 

F^(p)(id ® A)F(p) = F( 12 )(p 7( - 2 )(A ® id)F(p). 

As for the notation and the definition of the quasi-bialgebra, we refer the readers to [Dj . The 
element <& here is called the Drinfeld associator. This should not be confused with the intertwining 
operator ^ or whose generating function <&(?/). 

A simple calculation yields the following. 

Proposition A. 14. We have 

A p ( 7 ±1 /2 )=7± l/2 07± I/2 ; 



A p (x + (z;p)) = x+(z;p7 (2) ) ® 1 + V (7 (1 ) z ;P7 (2 )) ® x (7(1)^P), 

(2 p®^ + ( 7( 1 2 / ) 2 



A p (x (z;p)) = x (7(2)^;P7 (2 )) ® ^(l^^P) + 1 ® » 



A 



,(V ± (^;p)) = ^ ± (7(t) /22; ;P7 ( 2)) ® V' ± (7^) /2 ^;p) 



A.6. Intertwining operator for the elliptic case. First, we summarize the images of the dressed 
Drinfeld currents x ± (z;p),ijj^ z (z;p) under the level zero and level one representations n x c (") an d 

Pc(-). 

Lemma A. 15. The representation tt X)C (-) of U(q,t) on V x , c = Qiq 1 ^ 2 ,t 1 ^ 2 )[x,x~ 1 ] written in terms 
of the dressed Drinfeld currents reads 

Qpiq^H^ix/z^Q^q-^Hix/z)^) 



Wx,c{w{z;p)) 



e p ( 9 1 /2( x / z )±i)e p (g-i/2( x / z )±i) 



7T XiC (x [Z p)) =C {l-t + %+ 7 x/«)r t 



40 B. FEIGIN, K. HASHIZUME, A. HOSHINO, J. SHIRAISHI AND S. YANAGIDA 

Set 



(A.7) n(z;p) := exp ( ^ 1 J \j a. n z n ) exp ( - £ X —^a n z ' 



n 1 — p n q n t n '" I i \ ^— ' n " / ' 

,n>0 1 ^ I \ n>0 / 

i - r 



^;p):=exp (t/q) n/2 a. n z n 



n 

n>0 



ex p E — — T=&— Wq) anZ ' 

\n>0 ^ / 

(1 _ /— « r> n \ 

E -^-(1 - ^'") I _ ^-n (t/ir 3n/4 a- n Z™ j 

(1 _ /n i \ 

" E " ^9-")^— ^(t/?) _n/4 On«- n , 

n>0 n V J 



, n>0 



:=exp ^— (1-^) . _ — — {t/qT^a^ 



(1 _ +n n n \ 

- E — a - *v n )^(t/?r to/ v>*- B J . 

Note that we have <p~(z;p) = (p + (zp~ 1 q~ 1 / 2 t 1 / 2 ;p). 

Lemma A. 16. The representation p c (-) on the Fock space T gives the images of dressed Drinfeld 
currents as 

p c {x + (z;p)) = cf]{z;p), p c (x~{z;p)) = c -1 £(z;p), p c {i> ± {z;p)) = y^&p). 

Consider the intertwining operator $y ^(p) '■ V x ^ a ®Tj3 — > JF 7 with respect to the elliptic coun- 
terpart U(q,t,p) of the Ding-Iohara algebra. Namely, it satisfies the condition $y^ 0jr (p)A p (a) = 
a ®v x ®Ap) for an y aeU(q,t). Introduce the components of by $^ 0jr (p)(x n ®t») = 

^p,n^ € J 7 ), and set the generating function as $>(y;p) := Yl n ez^p,ny~ n - 



Proposition A. 17. The intertwining property for ®y <gj:(p) '■ V XjCt <8> Tp — > reads 

-*(y;p)¥> + ((*/?r 1/4 *;p) = ^ + ((^)- 1/4 ^,p)3>(y;p), 



e^-i^/ar^/zje^-iCg-Va^/z) 



$(y;p)^-((t/ (7 ) 1 / 4 z;p) = ((t/?) 1/4 z;p)*fc/;p), 



P9 t-i(9 1/2 i-^/y)0 P?t -i(9- 1/2 ^/y) 



° (i " ^ ( ^S?^^ 1/Vz)#toip) 

+^e ^v^)fc , ^/'^* toi ' WIip)=7 ^ irt * (, "' ,) • 
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Proposition A. 18. When = 7 and (3 = i _1 7, the intertwining operator $y ®j:(p) uniquely 
exists up to normalization, and whose generating function &(y;p) is realized as 

(A.8) $(y;p) = exp I V 1 1 ~ f " g n/2 f -n n] ex p ( - V Il^g^o y -n ] _ 

A. 7. Deformed W, Tt algebra. We end this appendix by pointing out the connection between the 
tensor representation of the Ding-Iohara algebra and the deformed W m algebra found in [SKAO^ 
IFF |IAK()S| . 

Let m > 2 be a positive integer. Consider the m-fold tensor representation p yi ® • • ■ ® on 
T yx ® • • • ® Define A p m) inductively by A p 2) := A p and A p m) := (id ® • • • ® id ® A p ) o A p m_1) . 
Since we have p yi ® • • • ® p ym A p "^ (7) = 7^ • • • 7^ = {t/q) m / 2 , the level is m. By abuse of notation 
we write 7 = (t/q) 1 / 2 for simplicity. 

Lemma A. 19. We have 

m 

Pyi ®---®Py m ^™Xx + (z;p)) =J2viMz)- 

i=l 

Here the A,(z) is defined by the tensor 

Ai{z) := ^-(7 1 / 2 z;p 7 - 2m+2 ) ® ^ {^' 2 z; P1 - 2m+4 ) ® ••• 

• • • ® v3 -( 7 ( 2i - 3 )/ 2 z;p7- 2m+2i - 2 ) ® rj(7 < ~ 1 *;P7~ 2m+2i ) ® 1 ® • • • ® 1, 

where z\ pj~ 2m+21 ) sits in the i-th tensor component. 

Set 

1 n n (m—l)nf—(m—l)n} 

n. 1 — ?) n n m ' 

\n>0 



(A.9) /(*) := exp V ± (1 g )U LJiL^g * 1, 

J v ' 1 \ / / ~Y pn qmn-j-—mn 



ri (z = j) 

(i_ r i z) (i_i Z ) 



7i,j(*) := 



(1 - z)(l - q-Hz) 
(l-qz)(l-t- l z) 



(* <i). 



Proposition A. 20. We have the operator product 

f{w/z)K i {z)k j (w) = %j(w/z) : Ai(z)Aj(w) : 

for 1 < i,j ' < m. 

We note that this operator product formula coincide with the one for the deformed W m algebra. 
To be more precise we need to put p = 1 in ()A.9|) to recover the original structure function f(z) 
for the deformed W m algebra. 
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